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SAMPLING VIA GRADIENT FLOWS IN THE SPACE
OF PROBABILITY MEASURES

YIFAN CHEN, DANIEL ZHENGYU HUANG, JIJAOYANG HUANG, SEBASTIAN REICH,
AND ANDREW M. STUART

ABSTRACT. Sampling a target probability distribution with an unknown nor-
malization constant is a fundamental challenge in computational science and
engineering. Recent work shows that algorithms derived by considering gradi-
ent flows in the space of probability measures open up new avenues for algo-
rithm developments. This paper makes three contributions to this approach to
sampling, by scrutinizing the design components of such gradient flows. Any
instantiation of a gradient flow for sampling needs an energy functional and
a metric to determine the flow, as well as numerical approximations of the
flow to derive algorithms. Our first contribution is to show that the Kullback-
Leibler (KL) divergence, as an energy functional, has the unique property
(among all f-divergences) that gradient flows resulting from it do not depend
on the normalization constant of the target distribution; this justifies the wide-
spread use of the KL divergence in sampling. Our second contribution is to
study the choice of metric from the perspective of invariance. The Fisher-Rao
metric is known as the unique choice (up to scaling) that is diffeomorphism
invariant. As a computationally tractable alternative, we introduce a relaxed,
affine invariance property for the metrics and gradient flows. In particular,
we construct various affine invariant Wasserstein and Stein gradient flows.
Affine invariant gradient flows are shown to behave more favorably than their
non-affine-invariant counterparts when sampling highly anisotropic distribu-
tions, in theory and by using particle methods. Our third contribution is
to study, and develop efficient algorithms based on Gaussian approximations
of the gradient flows; this leads to an alternative to particle methods. We
establish connections between various Gaussian approximate gradient flows,
discuss their relation to gradient methods arising from parametric variational
inference, and study their convergence properties. Our theory and numer-
ical experiments demonstrate the strengths and potential limitations of the
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Gaussian approximate Fisher-Rao gradient flow, which is affine invariant, by
considering a wide range of target distributions.

1. INTRODUCTION

1.1. The sampling problem. In this paper, we are concerned with the problem
of sampling a probability distribution that is known up to normalization. This
problem is fundamental in many applications arising in computational science and
engineering and is widely studied in applied mathematics, machine learning and
statistics communities. A particular application is Bayesian inference for large-scale
inverse problems; such problems are ubiquitous, for example in climate science [66],
63,R7,117], engineering [I7,B38[136], and machine learning [25,[B30LT0TLITI]. These
applications have fueled the need for efficient and scalable sampling algorithms.

Mathematically, the objective is to sample a target probability distribution with
density ppost(+), for the parameter § € RYe, given by

(1.1) Prost () o< exp(=@r(0)),

where @ : RY? — R is a known function. We use the notation Prost because of the
potential application to Bayesian inference, where ®p represents the regularized
negative log likelihood function; however, we do not explicitly use the Bayesian
structure in this paper, and our discussion applies to general target distributions
known only up to normalization.

1.2. Gradient flow methodology. Numerous approaches to the sampling prob-
lem have been proposed in the literature. Most are based on construction of a
dynamical system for densities that converges to the target distribution, or its ap-
proximation, after a specified finite time or at infinite time. The most common
examples that are widely used in Bayesian inference are sequential Monte Carlo
(SMC, specified finite time) [47] and Markov chain Monte Carlo (MCMC, infinite
time) [I5].

Among them, the Langevin diffusion [106] and its discretization constitute an
important class of MCMC algorithms for sampling. It has been shown in the seminal
work [70] that the Fokker-Planck equation describing the evolution of densities of
the Langevin diffusion is the Wasserstein gradient flow of the Kullback—Leibler
(KL) divergence. That is, the dynamical system of densities corresponding to the
Langevin diffusion has a gradient flow structure. Such structure has also been
identified in other popular sampling algorithms, for example, the Stein variational
gradient descent [84], with the Stein variational gradient flow [83] as the continuous
limit.

Indeed, extending beyond the above-mentioned examples, gradient flows have
profoundly influenced our understanding and development of sampling algorithms.
Various gradient flows have been adopted by researchers to address the sampling
problems. For instance, the Wasserstein-Fisher-Rao gradient flow was used to sam-
ple multi-modal distributions in [90}9T]. In [57,58], the Kalman-Wasserstein metric
(introduced, but not named, in [I12]) was used to induce the gradient flow leading
to advantageous algorithms for sampling anisotropic distributions. Interpolation
between the Wasserstein and Stein metrics was studied in [63]. Accelerated gradi-
ent flows in the probability space have been studied in [I32]. A recent overview of
the use of gradient flows in optimization and sampling can be found in [59,[60]. In
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SAMPLING VIA GRADIENT FLOWS 3

addition to the continuous-time picture, the optimization perspective on gradient
flows also leads to new developments in discrete-time algorithms for sampling [134].

Given the many choices of gradient flows in the literature, the aim of this paper is
to study their design ingredients and identify key properties that make the gradient
flows favorable in the sampling context. Our main focus is the continuous-time
formulation of the flow.

1.3. Design ingredients of gradient flows. Given an energy functional £ on
the probability space, a class of gradient flows of £ can be formally written as

8pt 1 o€
1.2 _— = — R A
(1.2) ot (pt) r7 .
Here, % represents the first variation of £, which is then evaluated at p = p;. Pos-
itive definite operator M (p) leads to non-linear preconditioning by its inverse; such
operators M (p) arise naturally from a Riemannian metric defined in the probability
density space.

A key property of the gradient flow is

d o0& 8pt 3pt 8pt

(13) 760 = (55, o) = (MG ) <0
This demonstrates that the gradient flow eq. (L2) will keep decreasing the energy
functional. Indeed, if £ is chosen so that ppest is its unique stationary point, then
property (L3) can be used as the basis of proofs to establish convergence of p; to
Ppost as t — 0o. For more detail concerning the notation we refer to Section 2

By choosing different £(-) and M(-), one obtains various gradient flows with
varying convergence properties and levels of numerical implementation difficulties.
In the sampling context, it is natural to ask which choices lead to the most favorable
algorithms, for example, in terms of numerical implementation and convergence
rates on specific problem classes. Such questions are the focus of this paper.

1.4. Our contributions and paper organization. The primary contributions
of this work are as follows.

e We show in Theorem B.I] that the KL divergence stands out as a unique
energy functional £(-) among all f-divergences with respect to the target.
Specifically, it emerges as the sole choice (up to scaling) that yields gradient
flows independent of the normalization constant of the target distribution.
Since handling the unknown normalization constant poses a significant chal-
lenge in the sampling problem, our finding establishes KL divergence as
the desired energy functional for designing gradient flows, ensuring that
concerns about normalization constants are eliminated during numerical
implementation. We then focus on this choice of energy functional £(-) in
the remainder of the paper.

e We highlight invariance properties stemming from the choice of metric (and
hence preconditioner in (L2))) and elucidate implications for the conver-
gence of the gradient flow. We prove in Theorem F1] that the Fisher-Rao
metric, which is the unique (up to scaling) metric exhibiting diffeomor-
phism invariance, achieves a uniform exponential rate of convergence to
the target distribution, under quite general conditions. Moreover, we intro-
duce a relaxed (weaker), affine invariance property for gradient flows. As
a concrete manifestation, we construct various affine invariant Wasserstein
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4 YIFAN CHEN ET AL.

and Stein gradient flows. These affine invariant gradient flows are more
convenient to approximate numerically via particle methods than the dif-
feomorphism invariant Fisher-Rao gradient flow; pre-existing theory, and
numerical experiments in this paper, demonstrate that these affine invariant
methods behave favorably compared to their non-affine-invariant versions
when sampling highly anisotropic distributions.

e We study efficient implementable sampling algorithms found by restrict-
ing the gradient flows to Gaussian measures, as alternatives to particle
methods. In Theorem B.J] we demonstrate that, under mild assumptions,
the Gaussian approximation achieved through metric based projection is
equivalent to the approximation derived through moment closure; the latter
is more convenient for calculations. Furthermore, we establish connections
between various Gaussian approximate gradient flows, discuss their relation
to gradient methods to solve the Gaussian variational inference problem,
and study their convergence properties. Our theory and numerical experi-
ments demonstrate the strengths and limitations of the Fisher-Rao gradient
flow under Gaussian approximations, for Gaussian, logconcave, and general
target distributions.

The paper is structured as follows. Section ] introduces gradient flows in the
space of probability densities. In Section Bl we discuss the selection of energy func-
tionals, defined over the probability density space and parameterized by the target
distribution, showing the primacy of the KL divergence within all f-divergences.
In Section @] we discuss the choice of metrics in the density space and examine
the induced gradient flow, with a particular focus on invariance properties such as
diffeomorphism invariance and affine invariance. In Section [l we study Gaussian
approximations to efficiently approximate the gradient flows and showcase the ad-
vantage and limitation of affine invariance in this context. In Section [6] we demon-
strate the effectiveness of the aforementioned approaches on a PDE-constrained
Bayesian inverse problem, complementing the simple illustrative numerical exam-
ples presented in Section ] and Section Concluding remarks are presented in
Section [fl The appendix contains details of all the proofs.

1.5. Literature survey. We survey the relevant literature in gradient flows, affine
invariance, and Gaussian approximations below.

1.5.1. Gradient flows. There is a vast literature concerning the use of gradient
flows in probability density space, employing a variety of different metric tensors,
to minimize an energy defined as the Kullback-Leibler (KL) divergence between
the current density and the target distribution. The most relevant to this paper
are the Wasserstein, Fisher-Rao, and Stein gradient flows.

The Wasserstein gradient flow was identified in the seminal work [70]. The
authors showed that the Fokker-Planck equation is the Wasserstein gradient flow
of the KL divergence of the current density estimate from the target. Since then,
Wasserstein gradient flow has played a significant role in optimal transport [115],
sampling [28/[78], machine learning [34,[114], partial differential equations [20}105]
and many other areas. The Fisher-Rao metric was introduced by C. R. Rao [110]
via the Fisher information matrix. The original definition is in parametric density
spaces, and the corresponding Fisher-Rao gradient flow in the parameter space
leads to natural gradient descent [I]. The Fisher-Rao metric in infinite dimensional
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SAMPLING VIA GRADIENT FLOWS 5

probability spaces was discussed in [55}[123]. The concept underpins information
geometry [2l[6]. The gradient flow of the KL divergence under the Fisher-Rao metric
is induced by a mean-field model of birth-death type. The birth-death process has
been used in sequential Monte Carlo samplers to reduce the variance of particle
weights [43] and to accelerate Langevin sampling [90,01]. The discovery of the
Stein metric [83] follows the introduction of the Stein variational gradient descent
algorithm [84]. The study of the Stein gradient flow [48,[83,89] sheds light on the
analysis and improvements of the algorithm [441[85][13T]132].

1.5.2. Affine invariance. The idea of affine invariance was introduced for MCMC
methods in [53L[61], motivated by the empirical success of the Nelder-Mead sim-
plex algorithm [102] in optimization. Sampling methods with the affine invariance
property can be effective for highly anisotropic distributions; this is because they
behave identically in all coordinate systems related through an affine transforma-
tion; in particular, they can be understood by studying the best possible coordinate
system, which reduces anisotropy to the maximum extent possible within the class
of affine transformations. The numerical studies presented in [61] demonstrate
that affine-invariant MCMC methods offer significant performance improvements
over standard MCMC methods. This idea has been further developed to enhance
sampling algorithms in more general contexts. Preconditioning strategies for the
Langevin dynamics to achieve affine-invariance were discussed in [79]. In [112], the
Kalman-Wasserstein metric was introduced, and gradient flows with respect to this
metric were advocated and shown to achieve affine invariance [57,58]. Moreover,
the authors in [57,58,[107] used the empirical covariance as preconditioners in en-
semble Kalman based particle approximations of the Kalman-Wasserstein gradient
flow, leading to a family of derivative-free affine invariant sampling approaches.
Similarly, the work [86] employed the empirical covariance to precondition second
order Langevin dynamics. Affine invariant samplers can also be combined with
the pCN (preconditioned Crank—Nicolson) MCMC method [36], to boost the per-
formance of MCMC in function space [37,[49]. Another family of affine-invariant
sampling algorithms is based on Newton or Gauss-Newton methods, since the use
of the Hessian matrix as the preconditioner naturally induces the affine invariance
property. Such methods include the stochastic Newton MCMC [97], the Newton
flow with different metrics [441[131], and mirror Langevin diffusion [33]64}140].

1.5.3. Gaussian approzimation. Parametric approximations such as those made by
Gaussians have been widely used in variational inference [I3l[69,127]. These meth-
ods, in the Gaussian setting, aim to solve the problem

(1.4) (m*,C*) = argmin,, o KLIN (m, C)||ppost)-

Gradient flows in the space of (m,C) can be used to identify (m*,C*). These
gradient flows can also be understood as a Gaussian approximation of the gradient
flow in the density space. The Riemannian structure in the density space can be
projected to the space of Gaussians, leading to the concept of natural gradient
[1LI96]139] that has the advantage of reparametrization invariance. Other work on
the use of Gaussian variational inference methods includes the papers [56][74][81],
1091137].

In addition to their role in parametric variational inference, Gaussian approx-
imations have been widely deployed in various generalizations of Kalman filter-
ing [52,[72l[73|[T2TL[128]. For Bayesian inverse problems, iterative ensemble Kalman
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6 YIFAN CHEN ET AL.

samplers have been proposed [29,511[128]. The paper [65] introduced an ensemble
Kalman methodology based on a novel mean-field dynamical system that depends
on its own filtering distribution. For all these algorithms based on a Gaussian
ansatz, the accuracy depends on some measure of being close to Gaussian. Re-
garding the use of Gaussian approximations in Kalman inversion we highlight, in
addition to the approximate Bayesian methods already cited, the use of ensemble
Kalman methods for optimization: see [22][66]67,[75,133]. Kalman filtering has
also been used in combination with variational inference [76]. The relation between
iterative Kalman filtering and Gauss-Newton or Levenberg Marquardt algorithms
was studied in [I0,1T,23.66], and leads to ensemble Kalman based optimization
methods which are affine invariant.

1.6. Notation. We use # to denote the pushforward operation for general mea-
sures. It is defined via duality. More precisely consider a diffeomorphism ¢ : RVe —
RY¢ and probability measures y, v in RNe. Then v = @#u if and only if

[ 1@ = [ renan

for any integrable f under measure v. If u,r admit smooth densities p and p

respectiyely, we can use the change-of-variable formula to derive the identity p(6) =
ple™H0)) Ve~ (0)].

2. GRADIENT FLOWS

In this section, we introduce the general formulation of gradient flows in probabil-
ity density space. Methodologically, to define gradient flows, one needs a differential
structure in the density space, which then leads to the definition of tangent spaces
and metric tensors that determine a gradient flow. Whilst they may be rigorously
defined in specific contexts the technical hurdles must be addressed on a case-by-
case basis; we seek to keep such technicalities to a minimum and focus on a formal
methodology for deriving the flow equation. Once the flow is formally identified, we
can rigorously study its large-time convergence properties and numerical approxi-
mations of the flow, which are the key factors in the understanding and design of
efficient sampling algorithms.

For the formal methodology, we consider the probability space with smooth
positive densities:

(2.1) 73:{peO“(RNs):/pdazl,p>o},
with the tangent space
(2.2) T,P C {0 € C®(RN?): /Ude =0}.

We assume that both the target ppost, and density p given by the gradient flow, are
in P: p, ppost € P. This allows us to use differential structures under the smooth
topology to calculatdd gradient flow equations.

IThe rigorous theory of gradient flows in suitable infinite-dimensional functional spaces and
its link with evolutionary PDEs is a long-standing subject; see [3}[4] for discussions and a rigorous
treatment of gradient flows in metric space.

2The formal Riemannian geometric calculations in the density space were first proposed by
Otto in [I05]. The calculations in the smooth setting are rigorous if RN¢ is replaced by a compact
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SAMPLING VIA GRADIENT FLOWS 7

Denote an energy functional by £(+; ppost) : P — R, where we explicitly highlight
its dependence on ppos; and assume that ppest is the minimizer of £(-; ppost) Over
P. Then, a gradient flow of £ in the probability density space has the form given in
([C2). In the following we use the notation that (-,-) is the duality pairing between
TyP and T,P; it can be identified as the L? inner product when both arguments
are classical functions. Note that functions in 7);P are not uniquely defined under
the L? inner product, since (¢, 0) = (¢ + ¢, o) for all o € T,P and any constant c.
A unique representation can be identified by requiring, for example, that ¢ € T;P
implies E,[¢] = 0 In the context of this paper, the most important elements in

TP are the first variation g—i of energy functionals &(+, ppost), defined by

3

(2.3) <§7 U> iy £t €03 Ppost) — E(p, ppost)
dp
for any o € TP, assuming the limit exists.

The metric tensor M(p) : T,P — T,P can be derived from a Riemannian
metric g that one imposes in the probability density space; we have g,(01,02) =
(M(p)or,09) for 01,09 € T,P, and M(p)~' : T;P — T,P is sometimes referred
to as the Onsager operator [99L[T03L104]. For simplicity of understanding, we view
M (p;)~! in the gradient flow eq. (L2) as a preconditioning operator for the density
dynamics. For more details of the Riemannian perspective we refer to [26][88].
We note that the gradient flow eq. (I2]) will converge to ppogst if it is the unique
stationary point of £. Thus numerical simulations of eq. (L2) lead to sampling
algorithms.

A standard use of particle methods to simulate dynamics of densities is to identify
a mean-field stochastic dynamical system, with state space RV?, defined so that its
law is given by eq. (L2)). For example, we may introduce the 1t6 SDE

(2.4) dOy = f(0r; pt, Ppost)dt + h(0¢; pr, ppost ) AW,

where W; € R™¢ is a standard Brownian motion. Because the drift f : RV x P x
P — RN and diffusion coefficient h : RV x P x P — RNeXNo are evaluated at
pt, the density of 6, itself, by definition this is a mean-field model. In fact, this
particular mean field model is a McKean SDE. Other types of mean-field dynamics,
such as birth-death dynamics, and ODEs, also exist.

When utilizing eq. (L2) for sampling purposes, two primary properties of the
flow become our focal points. Firstly, rapid convergence of the flow to ppest is
desired. Secondly, the numerical implementation of the flow must be tractable, and
preferably, as convenient as possible, for example through a mean-field model such
as (24). Below we describe an example.

e—0 €

Example 2.1. Choose £ to be the KL divergence:

(2.5) 5(p§ ppost) = KL[pprost} - /plog(p ; t) do,
pos

manifold, as noted in [88]; in such case in the definition of tangent spaces, (2.2) also becomes
identity. For rigorous results in general probability space, we refer to [3].

3This choice is also naturally motivated by the definition of Fisher-Rao gradient flows; see
ET). That is, for ¢ € T;P implying E,[¢] = 0, the Fisher-Rao metric tensor reduces to a

multiplication by the density p.
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8 YIFAN CHEN ET AL.

and use the Wasserstein metric tensor [105] which satisfies M(p)~*¢ = =V -
(pVg1)), then the gradient flow eq. (2] takes the form:

0
(2.6) % =~V - (ptVelog ppost) + Vo - (Vopr).

This is the Fokker-Planck equation of the Langevin dynamics [70]:
(2.7) d6; = Vg log ppost (0¢)dt + vV2dW,.

This is a trivial (in the sense that it is not actually a mean-field model) example
of ([Z4)). Discretizations of this Langevin dynamics can be used to numerically
implement the flow. Regarding the convergence property of eq. (Z]), we have the
following classical result [95]:

Proposition 2.2. Assume that ppost is a-strongly logconcave: 10g pposy € C%(RN0)

and

(2.8) —VoVglog ppost(6) = ol.
Then, for allt > 0, it holds that

(2.9) KL[ptl ppost] < KL[PO”Ppost]eiQat-

The convergence rate depends crucially on ppost- If ppost = N(0,1I), the unit
Gaussian distribution, the convergence rate is e~2t. However, if the Gaussian dis-
tribution is highly anisotropic, then « depends on the lower bound of the eigenval-
ues of the precision matrix, which can be very small, leading to a slow convergence
rate. Related convergence results with relaxed assumptions on the target distri-
bution can be found in [7}[8[62}[I08][126], based on functional inequalities, and in
[98] using coupling methods. There are also many results [31}89, 501118, [125]135]
regarding the non-asymptotic convergence guarantee for discrete algorithms based
on the Langevin dynamics.

Note that for the choice of energy functionals in Example 2.]] it is not necessary
to know the normalization constant for ppost; this is highly desirable. On the other
hand, for the Wasserstein metric Example 2] shows that the convergence rate
depends sensitively on the target; this is undesirable. In SectionsBland Hlwe discuss,
within a broader context, choices of the energy functionals and metric tensors. We
identify certain choices that can facilitate ease of numerical implementations and
fast convergence rates across large classes of targets.

3. CHOICE OF ENERGY FUNCTIONALS

In the literature, the KL divergence is the most commonly used energy functional
for deriving gradient flows in the probability space. Using the definition eq. (2.5)
of the KL divergence and definition eq. (Z3)) of the first variation, we can formally
deduce that

(3.1) 5o =108 = 108 Pyt — Eyll0g  ~ 108 pp] € T, P.

From eq. (3.1) we observe that, for the KL divergence, ‘;—i remains unchanged if we
scale ppost by any positive constant ¢ > 0, i.e. if we change ppost t0 cppost. This
property eliminates the need to know the normalization constant of ppes; in order
to calculate the first variation. As a consequence, the gradient flow eq. (I2]) derived
from this energy functional is also independent of the normalization constant. This
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SAMPLING VIA GRADIENT FLOWS 9

has significant advantages in terms of numerical implementations, as handling the
unknown normalization constant is a well-known challenge in sampling.

We can also formulate the property in terms of the energy functional itself, with-
out delving into the technicality of dealing with the mathematical well-definedness
of first variationsH An equivalent formulation is that £(p; cppost) — E(P; Ppost) 1S
independent of p, for any ¢ € (0,00). In fact, this implies that

o0& o0&
<%(pa Cppost) - %(pv ppost)a U> =0

for 0 € T,P when the first variations exist; thus in such case, first variations do
not depend on the scaling of ppost.

Can this property be satisfied for other energy functionals? In Theorem Bl we
show that the answer is no among all f-divergences with continuously differentiable
f. Here the f-divergence between two continuous density functions p and ppost,
positive everywhere, is defined as

D¢lpllppost] =/ppostf(pp >d9.

post

For convex f with f(1) = 0, Jensen’s inequality implies that D[p||ppost] > 0. The
KL divergence used in (23] corresponds to the choice f(x) = zlogz.

Theorem 3.1. Assume that f : (0,00) — R is continuously differentiable and
f(1) = 0. Then the KL divergence is the only f-divergence (up to scalar factors)
such that Dyp|lcppost] — Dylpllppost] is independent of p € P for any ¢ € (0,00)
and for any ppost € P.

The proof can be found in Appendix [A.Il As a consequence of Theorem [3.1]
gradient flows defined by the energy (Z3) do not depend on the normalization
constant of ppest. Hence numerical approximations of gradient flows stemming
from this energy £ are more straightforward to implement in comparison with the
use of other divergences or distances as energy. This justifies the choice of the KL
divergence as an energy functional for sampling, and our developments in most of
this paper are hence specific to the energy eq. ([2.3).

Remark 3.2. Other energy functionals can be, and are, used for constructing gra-
dient flows; for example, the chi-squared divergence [32[82]:

2 2
(3.2) X2 (0l ppost) = /ppost(L - 1) deg :/ P_ap-1.
ppost

ppost

The normalization constant can appear explicitly in the gradient flow equation
when general energy functionals are used. Additional techniques need to be ex-
plored to simulate such flows. For example, when the energy functional is the
chi-squared divergence, in [32], kernelization is used to avoid the normalization
constant in the Wasserstein gradient flow. Moreover, in [82] where a modification
of the Fisher-Rao metric is used, ensemble methods with birth-death type dynam-
ics are adopted to derive numerical methods; the normalization constant can be
absorbed into the birth-death rate. These techniques may change the flow equation
completely or its time scales, thus affecting its convergence behavior.

4For the f-divergences considered in this paper, we can show the limit in eq. (23] exists so
the first variation is well-defined. For details see the proof of Theorem B.1lin Appendix [A1] using
a localization argument.
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10 YIFAN CHEN ET AL.

4. CHOICE OF METRICS

We now fix the energy functional to be the KL divergence and discuss the choices
of M(-). The metric tensor can significantly influence the rate at which the gradient
flow converges. Within this section, we delve into a range of metrics, focusing on
invariance properties; as we will show in this and the next section, these play an
important role in determining convergence rates of the flow and algorithms based
on it. In Section 1] we discuss the Fisher-Rao gradient flow, highlight its diffeo-
morphism invariance property, and showcase the remarkable uniform convergence
rate to the target distribution which stems from this invariance; it is also known
that the Fisher-Rao metric is the unique diffeomorphism invariant metric (up to
scaling) in the probability density space. However, implementing the Fisher-Rao
gradient flow via particle methods is resource-demanding and does not currently
lead to efficient algorithms (see discussion below). In Section 2] we introduce a
relaxed, affine invariance property for gradient flows. It is worth noting that cer-
tain widely used gradient flows, namely the Wasserstein and Stein gradient flows,
are not affine invariant. Some modifications of the Wasserstein and Stein gradient
flows to achieve affine invariance are introduced in Section and Section [£4]
These affine invariant gradient flows are more convenient to approximate numer-
ically via particle methods compared to the diffeomorphism invariant Fisher-Rao
gradient flow. In Section [£.5 we conduct illustrative numerical experiments show-
ing that these affine invariant gradient flows behave more favorably compared to
their non-affine-invariant versions when sampling highly anisotropic distributions.

4.1. Fisher-Rao gradient flow and diffeomorphism invariance. The
Fisher-Rao Riemannian metridd [2L[6] is

9ER (01, 09) = / "1:2 a6, for 0,09 € T,P.

The metric tensor then admits the following form:

(4.1) M (p)~" = py € T,P

for any ¢ € T, P; recall that ¢ € TP implies E,[¢)] = 0. Combining eq. (A1) and
eq. (B1)), we obtain the Fisher-Rao gradient flow of the KL divergence as

0
9pt _ MFR(p,)~1%

(4.2) ot 0plo=p:
=—pt ((log pr —10g ppost) — E,, [log py — log ppOStD :

An important property of the Fisher-Rao gradient flow is its diffeomorphism invari-
ance. More precisely, consider a diffeomorphism in the parameter space ¢ : RVo —
RY¢ and correspondingly Pt = OFPty Ppost = PFPpost- Then, it holds that

opr . . - ~ -
(4'3) ot —Pt (10g pt — log ppost) —E;, [1Og pt — log ppost] .

That is, the form of the equation remains invariant under diffeomorphic transfor-
mations. As a consequence, suppose there is a diffeomorphism satisfying ppost =
OH#ppost = N(0,I), then we can study the convergence rate of eq. [@3) for a

5For some intuitions for the definition of the Fisher-Rao Riemannian metric, see Appendix[C1l
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SAMPLING VIA GRADIENT FLOWS 11

Gaussian target distribution and the rate will apply directly to eq. (£2), due to the
following property of the KL divergence:

(4.4) KL[Pt”Ppost} = KL[S"#PtHSO#PpOSt] = KL[ﬁtHﬁpost]-

This property, which also holds for other f-divergences beyond the KL divergence,
implies that the Fisher-Rao gradient flow may converge at the same rate for gen-
eral distributions and Gaussian distributions, indicating its favorable convergence
behavior. Indeed, in Theorem [£.J] we prove its uniform convergence rate across a
wide class of target distributions. The proof can be found in Appendix [B.I} we note
that the diffeomorphism invariance property is not explicitly used in the current
proof.

Theorem 4.1. Assume that there exist constants K, B > 0 such that the initial
density po satisfies

(45) e—KaoP) o 20 _ kaiop),
= Ppost(0) T
and both po, ppost have bounded second moments:
(46) 1620120 < B, [ 16 ppos (0106 < B.
Let p; solve the Fisher-Rao gradient flow @2). Then, for anyt >log((1+ B)K),
(4.7) KL[pt ppost] < (2+ B + eB)Ke™".

Similar propositions are presented in concurrent works [90, Theorem 3.3] and [91],
Theorem 2.3]. Our results do not require po(8)/ppost(6) to be bounded, thus apply-
ing to a broader class of distributions including Gaussians. An explicit expansion of
the KL divergence along the Fisher-Rao gradient flow is also given in [46], which in-
dicates the optimal asymptotic convergence rate is O(e~2!). Additionally, detailed
discussions on uniform convergence rates with respect to other f-divergences can
be found in the concurrent works [19,100].

As mentioned earlier, the diffeomorphism invariance of the Fisher-Rao gradient
flow provides an intuitive explanation as to why it achieves such an exceptional
uniform convergence. This is in sharp contrast to the Wasserstein gradient flow
(Proposition 2.2). Nevertheless, effective numerical approximation the Fisher-Rao
gradient flow is not straightforward, in particular because naive particle methods
lead to algorithms which do not evolve the support of the measure, requiring enor-
mous resources therefore. In [90,@1], birth-death dynamics are used to simulate
the flow, using kernel density estimators to approximate the current density and
adding transport steps to move the support of particles; the latter in fact changes
the flow equation. The diffeomorphism invariance property is also not preserved at
the particle level.

On the other hand, the invariance of the gradient flow is due to the invariance of
the Riemannian metric itself. The Fisher-Rao metric is known to be the only met-
ric, up to constants, that satisfies the diffeomorphism invariance property [5,0L2T].
Therefore there are no alternatives if we ask for such strong diffeomorphism invari-
ance. In the following subsection, we explore a relaxed, affine invariance property
for the gradient flows. In contrast to the diffeomorphism invariance property, we
are able to construct various affine invariant gradient flows, in particular, the affine
invariant Wasserstein and Stein gradient flows. Moreover, when using particle
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12 YIFAN CHEN ET AL.

methods to simulate the flow, we can show that the affine invariance property is
also preserved at the particle level.

4.2. Affine invariance. Roughly speaking, affine invariant gradient flows are in-
variant under any invertible affine transformations of the density variables; as a
consequence, the convergence rate is independent of the affine transformation. It
is thus natural to expect that algorithms with this property have an advantage for
sampling highly anisotropic target distributions. We note that the affine invariance
property has been studied in MCMC algorithms [53L[61] and certain gradient flows
[57.58]; see the literature survey in Section Our goal here is to bring this
notion to general gradient flows in the density space.

4.2.1. Affine invariant gradient flow. In the following, we define affine invariant
gradient flows.

Definition 4.2 (Affine invariant gradient flow). Consider the gradient flow

opr 08,
ot - M(pt) 5p(P,Pposc)p )

=Pt

(4.8)

and the affine transformation 6 = () = Af + b, with A € RNo*Ne inyertible and
b e RNo. Let py := p#pr and ppost = ©#ppost- The gradient flow is affine invariant
if

opr 108
ot M(pr) 5p(/’appost) P

=Pt

(4.9)

for any invertible affine transformation .

The key idea in Definition is that, after the affine transformation, the dy-
namics of p; is itself a gradient flow, in the same metric as the gradient flow in
the original variables. Thus affine invariance is similar to diffeomorphism invari-
ance, but with the diffeomorphism constrained to invertible affine mappings. In
Sections 3] and 4.4l we will construct concrete examples such as affine invariant
Wasserstein and Stein gradient flows that satisfy the affine invariance.

4.2.2. Affine invariant mean-field dynamics. As mentioned in the Fisher-Rao gradi-
ent flow, another important factor when using the flow for sampling is its numerical
implementation, for example via particle methods. In the following we introduce
the affine invariance property at the particle level. More specifically we consider the
use of mean-field 1t6 SDEs of the form (2:4]) and study its affine invariance property.
The density of solution to (Z4)) is governed by a non-linear Fokker-Planck equation

ap 1
(4.10) 8_tt =—Vo-(pf) + §V9 (Vg - (hhT'py)).
By choice of f, h it may be possible to ensure that eq. (£10) coincides with eq. (T2)).
Then an interacting particle system can be used to approximate eq. (2.4]), generating
an empirical measure which approximates p;.
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SAMPLING VIA GRADIENT FLOWS 13

Definition 4.3 (Affine invariant mean-field dynamics). Consider the mean-field
dynamics eq. (Z4]) and the affine transformation 6 = ¢(0) = A + b, with A €
RNoxNo inyvertible and b € R™Mo. The mean-field dynamics is called affine invariant,

if
(4.11a) Af (O p, ppost) = [(p(0); p#p, 0#Ppost),
(4.11b) Ah(0; p, ppost) = h(p(0); @70, # ppost),

for any such invertible affine transformation ¢. Equivalently, this implies that
0, = p(0,) satisfies a SDE of the same form as eq. (Z.4)):

(4.12) dé, = f(ét; Pts Ppost)dt + h(ét; Pts Ppost)AW,
where p~t = QO#pt and ﬁpost = Sp#ppost-

Again, the key idea in Definition 3] is that, after the affine transformation, the
mean field dynamics eq. (2-4]) remains the same. We will present affine invariant
mean-field dynamics for the affine invariant gradient flows we constructed.

4.3. Affine invariant Wasserstein gradient flow. The Wasserstein Riemannian
metric tensold is defined as (see Example 2.1))

(4.13) MW (p) ") = —Vy - (pVo) € T,P.

Recall the form of the Wasserstein gradient flow of the KL divergence given in
Example 2] along with the (trivial) mean-field Langevin dynamics. The Wasser-
stein gradient flow is not affine invariant. Indeed, from Proposition 2.2 we observe
that its convergence rate is not invariant upon affine transformations of the tar-
get distribution. To make it affine invariant we consider the following generalized
Wasserstein metric tensor

(4.14) MAW(p)~lp = =V - (pP(0, p)Vor) € T, P,
where P : RNe x P — RLVSXN % is a preconditioner satisfying Condition .2}

Condition 4.4. Consider any invertible affine transformation § = p(#) = A6 + b
with A € RNoxNo invertible and b € R and correspondingly p = p#p. The
preconditioning matrix satisfies

(4.15) P(6,5) = AP(0,p)AT.

Remark 4.5. Examples of preconditioning matrices that satisfy eq. (£I3) include
the covariance matrix P(6, p) = C(p) and some local preconditioners, such as

P(0.p) = (0 —m(p)) (0 —m(p))" .
or more generally,

Ham=/W—m@mw—mwaammmmwﬁ

Here  : RV x RNe x P — R is assumed to be a positive definite kernel for any fixed
p € P which is, moreover, affine invariant, namely (6, 6’, 5) = (6, 6’, p) under any

SFor completeness, we include some intuitions regarding the definition of the Wasserstein
Riemannian metric in Appendix
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14 YIFAN CHEN ET AL.

invertible affine transformation 6 = ©(0) = A0 + b and correspondingly p = @#p.
A potential choice is

0.8'0) = exp (=50~ )7 0~ 0).

When such condition is satisfied, the gradient flow is affine invariant:

Theorem 4.6. Under the assumption on P given in Condition 4], the associated
gradient flow of the KL divergence with respect to the metric tensor MAW | namely
Ipe(8)

(4.16) o = Vg - (Ptp(e, pt)(Velog py — Vg log ppost))7

s affine invariant.

The proof of Theorem is provided in Appendix Henceforth we refer
to MA™W satisfying the condition of Theorem as an affine invariant Wasser-
stein metric tensor. For the specific choice of the preconditioner P(6, p) = C(p),
the covariance, the flow is called the Kalman-Wasserstein gradient flow [57}[58];
the underlying metric structure was first identified in [I12]. When p,os belongs
to the Gaussian family, the Kalman-Wasserstein gradient flow provably achieves
convergence rate O(e™ ") in KL divergence [18,57,/58]. It is worth mentioning that
there will be an additional computational cost associated with evaluating P(6, p).
However, for many practical problems, the dominant computational expense lies in
evaluating ®p and its derivatives, and the additional computational cost is negli-
gible in comparison.

Define h : RNe x P — RNe*Ne  Once defined we may then also define D(0, p) =
Lh(0,p)h(0, p)T and d(6, p) = Vg - D(6, p). Now consider the following mean field
dynamics:

(4.17)
det = P(9t7 Pt)Ve IOg Ppost (et)dt

+ ((D(Gt, pi) — P(0;,p1)) Vi log py (0) + d(6y, pt))dt + 1(By, pr)dW.

For any choice of h the Fokker-Planck equation associated with this mean-field
dynamics is the affine invariant Wasserstein gradient flow (£I6]); see a proof in
Appendix 0.3 When D(6,p:) # P(6:,p:), the equation requires knowledge of
the score function Vglog pi(6;) of the current density, which is computationally
undesirable. However, for this purpose, various approaches have been adopted in
the literature [14194][1T9L130]; see also [120] and references therein for discussions
of the score estimation.

At the particle level, we can prove the above dynamics is affine invariant; see
Theorem 1 and its proof in Appendix [D.4l

Theorem 4.7. The mean-field dynamics eq. (£I7) is affine invariant under the
assumption on the preconditioner P given in Condition[d4] and the assumptions on

h given in eq. (EI11).

In particular, let C'(p) denote the covariance matrix of p. If we take P(0,p) =
C(p) and h(6, p) = \/2C(p), then we get the following affine invariant overdamped
Langevin equation, introduced in [5758]:

(418) d@t = C(pt)Vg IOg Ppost (Qt)dt + 2C(pt)th
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SAMPLING VIA GRADIENT FLOWS 15

Comparison with eq. [27) demonstrates that it is a preconditioned version of the
standard overdamped Langevin dynamics (2.6]).

4.4. Affine invariant Stein gradient flow. The Stein Riemannian metric ten-
sonf] is defined as

(419) M) o=~V (p(6) / w(0,0, p)p(8))Vorth(8)6') € T,P.

Here x : RV x RMo x P — R is a positive definite kernel for any fixed p. The Stein
gradient flow has the form

8%&[50) _ _(MS(pt)—I% p:pt)(g)

(4.20)
= Vs - (Pt(e)/’@(9’9/7Pt)/)t(9/)va' (log pe(8") — Ingpost(e/))del)’

and it has the mean-field counterpart [83,[84] in 6; with the law p;:

do
d—tt = /“(9t79/,0t)l)t(9/)v0’ (1ngpost(0/) —logpt(ﬁ’))dG’

(4.21)
= //‘f(eu o', Pt)Pt(ol)Ve’ log ppost(ol) + pt(9/)V9//£(9t, o', Pt)del-

Here, the second equality is obtained using integration by parts; it facilitates an
expression that avoids the score (gradient of the log density function of p;). This
is useful because, when implementing particle methods, the resulting integral can
then be approximated directly by Monte Carlo methods.

The Stein gradient flow is in general not affine invariant. To make it affine
invariant, we introduce the following metric tensor

(4.22)
MAS (o) =~V - (ol0) / 5(0,0, 0)p(8)P(0,0', p)Vorth(6)A0') € T,P.

Here, the preconditioner P : RV¢ x RNo x P — RNoXNo is assumed to be positive
definite, which may take the form of P(0,60',p) = L(6,p)L(¢',p)T. The kernel
function and the preconditioner are required to satisfy Condition .8}

Condition 4.8. Consider any invertible affine transformation § = ¢(6) = A6 +b
with A € RNexNe invertible and b € R and correspondingly p = @#p; moreover
0" = p(#’). The preconditioning matrix and the kernel satisfy

k(0,0 )P (0.9, p) = (8,6, p)AP(8,6', p) A"

Remark 4.9. Examples satisfying Condition 8| can be obtained using an affine
invariant kernel that fulfills the condition (60,6, p) = k(0,6’, p), along with pre-
conditioning matrices that satisfy eq. (£15).

"For completeness, we include some intuitions in the definition of the Stein Riemannian metric
in Appendix
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16 YIFAN CHEN ET AL.

Then, the corresponding gradient flow becomes affine invariant:

Theorem 4.10. Under the assumption on P and k given in Condition 8. The
associated gradient flow of the KL divergence with respect to the metric tensor
MAS | namely
(4.23)
Ip:(0)
ot

- v9 : (f)7

f= (pt(9)/H(ﬂ,9’,pt)pt(f)’)P(f?,@’,pt)Vef (log pe(0) _Ingpost(gl))dal)v
s affine invariant.

The proof of Theorem E.10l can be found in Appendix[D.5l Furthermore, we can
construct the following mean-field dynamics to simulate the flow:

do
d—tt B /(K(etv 9/7 Pt)Pt (9/)])(9757 0/’ pt)ve/ log Ppost (9/)
(4.24)
Vo - (50,0, p) (0,0, p0)pu(0) ) 10

Similarly, we can prove the affine invariance of the above mean field dynamics; see
Theorem [.11] and its proof in Appendix [D.6]

Theorem 4.11. The mean-field dynamics eq. [{24)) is affine invariant under Con-
dition L8

For a survey of convergence analysis of these gradient flows we refer to |26,
Section 3.5].

4.5. IMlustrative numerical experiments. In this subsection, we conduct nu-
merical experiments comparing the affine invariant Wasserstein and Stein gradi-
ent flows with their non-affine invariant versions. We focus our experiments on
three two-dimensional posterior distributions. In defining them we use the nota-
tion 6 = [9(1), 9T € R2.

(1) Gaussian Posterior.

1,1 0 . B
Dp(60) = 50 {0 A}e with A = 0.01, 0.1, 1.

We initialize the gradient flows as follows:

(4.25) oo ~ N ( m , [3 ?J)

(2) Logconcave Posterior.
(\/Xg(l) — )2 N (62))4
20 20
We initialize the gradient flows according to (Z2H]).
(3) General Posterior.
ME® — (002 (1 g2
20 20

This example is known as the Rosenbrock function [61I]. We initialize the
gradient flows according to ([@23]).

dp(0) = with A =0.01, 0.1, 1.

Pp(0) = with A =0.01, 0.1, 1.
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SAMPLING VIA GRADIENT FLOWS 17

In all three examples, the parameter A controls the anisotropy of the distribution.
We will use several summary statistics to compare the resulting samples with the
ground truth. They are E[f], the covariance Cov[f], and E[cos(w’@ + b)]; for the
last summary statistics we randomly draw w ~ N(0, ) and b ~ Uniform(0, 27) and
report the average over 20 random draws of w and b. The ground truths of these
summary statistics are evaluated by integrating ppost numerically (See Appendix [F]
for detailed formula of numerical integration). We will compare the performance
of the following gradient flows (GFs) in our experiments.

o Wasserstein GF: The Wasserstein gradient flow, which is implemented by
the Langevin dynamics (2.7]).

o Affine invariant Wasserstein GF: The affine invariant Wasserstein gradi-
ent flow with P(6,p) = C(p) and h(0,p) = \/2C(p); this is implemented
by the stochastic interacting particle approximation of the preconditioned
Langevin dynamics ([{I8]).

e Stein GF: The Stein gradient flow with

1
(4.26) K(0,6',p) = (1 + 4log(J +1)/Ng)™*/ exp(— 716 — %),

which is implemented as a deterministic interacting particle dynamics

@EZT). Here h = med?/log(J 4 1); med? is the squared median of the

pairwise Euclidean distance between the current particles, following [84].
e Affine invariant Stein GF: The affine invariant Stein gradient flow with

(427) P=C(p), w(0,0/,p) = (142/Ng) ¥/ exp(— ——(0—0')TClp) " (9-0')),

1
2N,
which is implemented as a deterministic interacting particle dynamics
E24).
Here the scaling constants in the above definition of kernel functions are chosen
such that

(4.28) //5(9, 0, )N (0, m,C(p))N (O, m,C(p))dodd’ = 1.

This choice makes the Stein gradient flows comparable with the Wasserstein gradi-
ent flows in terms of time scales, for a fair comparison. In practical implementation,
it is recommended to drop these scaling constants. All the gradient flows are im-
plemented by interacting particle systems with J = 400 particles (except for the
Wasserstein GF, using (27]), where particles do not interact). To reduce the influ-
ence of temporal discretization errors, all simulations use a fixed time step size of
At =5 x 1073 with either the forward Euler or Euler-Maruyama integrator.

For the Gaussian posterior, the convergence of different gradient flows, according
to the three summary statistics, are presented in Figure [[l The imposition of the
affine invariance property makes the convergence rate independent of the anisotropy
A and accelerates the sampling for badly scaled Gaussian (A = 0.01). We note that
all these gradient flows do not converge within machine precision because of the
limited number of particles.

For the logconcave posterior, the results are shown in Figure 2l Again, the
imposition of the affine invariance property makes the convergence rate independent

8In the case of the Stein GF, there is no analytical formula for the integral eq. @28). To deal
with this, we estimate the scaling constant by replacing med?I with NoC(p), for which we can
analytically compute eq. (£28]).
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-a- \Wasserstein GF  —=— Affine invariant Wasserstein GF - Stein GF —— Affine invariant Stein GF

A=0.01 A=0.1 A=1.0

10t

100 4

10!

Error of £[0]

1072

10!

10°

1071

Rel. error of Cov[0]

1072

100

Error of E[cos(w”8 + b)]

FIGURE 1. Gaussian posterior case: Convergence of different gra-

dient flows in terms of the L? error of E[f;], the relative Frobenius

norm error of the covariance 19V=Covllincllr ;14 the error of
[[Cov[Otrue]ll F

E[cos(wT0; +b)]. We report the mean error across 10 random real-
izations, with shaded regions representing one standard deviation.

of the anisotropy A and accelerates the sampling in the highly anisotropic case
(A=0.01).

For the general posterior, we note that the Rosenbrock function is a non-convex
function. Its minimum is at [1,1]. The expectation and covariance of the posterior
density function is (See Appendix [F])

E[] = [111] Cov[d] = Bg 10 -2:)240} :

The particles obtained by different gradient flows at ¢ = 15 are depicted in Fig-
ure Bl and their convergence behaviors according to the three summary statistics
are depicted in Figure @ For small A (e.g., A = 0.01), #® is the stretch direction,
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-a- \Wasserstein GF  —=— Affine invariant Wasserstein GF - Stein GF —— Affine invariant Stein GF
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FIGURE 2. Logconcave posterior case: Convergence of different

gradient flows in terms of the L? error of E[f;], the relative Frobe-

[|Cov[0:]—Cov[Biruel | F
[Cov[Btrue]llm

of E[cos(wT'0; + b)]. We report the mean error across 10 random

realizations, with shaded regions representing one standard devia-

tion.

nius norm error of the covariance

, and the error

and therefore the imposition of the affine invariance property makes the convergence
faster. However, when A increases, the posterior density concentrates on a manifold
with significant curvature (See Figure B]). Although the particle positions match
well with the density contours, the convergence of summary statistics significantly
deteriorates; the imposition of affine invariance does not significantly relieve the
issue. This indicates that additional structures need to be explored for sampling
densities such as this, which concentrate on a curved manifold.

Moreover, the convergence curves for the affine invariant Wasserstein gradient
flow, implemented with the Langevin dynamics, oscillate slightly due to the added
noise; those obtained from the affine invariant Stein gradient flow, implemented by
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A=0.01 A=0.1 A=1.0

100+
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Wasserstein GF

_50.
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Affine invariant Wasserstein GF
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Stein GF

-50

100+
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_50_

Affine invariant Stein GF

5 0 5 10 5 0 5 10 5 0 5 10
a1 o) o)
FIGURE 3. General posterior case: Particles obtained by different

gradient flows at ¢ = 15. Grey lines represent the contour of the
true posterior.

Stein variational gradient descent, are smooth (See Figures [ Rland H]). The added
noise helps for sampling non-Gaussian, highly anisotropic posteriors in comparison
with the affine invariant Stein gradient flow (See Figures [l and [)).

As a summary, affine invariant gradient flows, when implemented via particle
methods, typically outperform their non-affine invariant versions, especially when
the target distribution is highly anisotropic.

5. GAUSSIAN APPROXIMATE GRADIENT FLOW

An alternative to using particle methods to approximate a density is through
parametric approximations. In this section, we focus on Gaussian approximations
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SAMPLING VIA GRADIENT FLOWS 21

of the gradient flows in the density space. The resulting Gaussian approximate gra-
dient flows can be understood as gradient flows in the parameter space of Gaussian
distributions, within the framework of variational inference [I3[69,T27].

In Section 5.1l and Section we introduce Gaussian approximations based on
metric projection and moment closure respectively. We show their equivalence
under certain conditions in Section 5.3l Based on this equivalence, we use the
moment closure approach to derive different Gaussian approximate gradient flows.
In Section 0.4l we introduce several explicit Gaussian approximate gradient flows,
establish their connections and discuss their relation to natural gradient methods
in variational inference. In Section we provide convergence analysis for these
Gaussian approximate gradient flows, showing that the affine invariance property
is beneficial for the convergence rates of the flows, for Gaussian and logconcave
target distributions. We conduct illustrative numerical experiments in Section
to compare these gradient flows further; the results validate our theoretical analysis.

5.1. Gaussian approximation via metric projection. Consider the Gaussian
density space

(5.1a)

PC = {pu: pale) = 220 =) OO = m)

V|27 C|

(5.1) A={(m.C):m RV, C 0 e RN},

with a = (m,C) € A},

Instead of minimizing p over P as in the gradient flow in the whole probability
density space, one can minimize over Gaussian density space P¢ C P. Given an
energy functional £, this consideration leads to the following constrained minimiza-
tion problem:

(5.2) min €(pa; Ppost)-

acA

This forms the basis of Gaussian variational inference. For the reasons explained
in Section [3] we choose £ to be the KL divergence. The tangent space at any point
of Ais {(0m,8C) : ém € RNe §C € RNexNe is symmetric}, which is isomorphic to
RMe, where N, = Ny + %(Ng + 1) Ny is the dimension of the parameter a. Given a
metric tensor M (p) in the tangent space of P, we can define the projected metric
tensor in the tangent space of A as

(53) () == [ Fupa()(M 0)Vark (0))d6.
defined by
(54) <9ﬁ(a)01,02>RNa = <M(pa)Vapa c 01, Vapa . 0'2>, VUl, o9 € RN“.
Given the metric tensor, we can write down the resulting gradient flow equation in
A:

0 0& (pa; s
(55) ar _m(at)—l (p Ppo t)

ot da

a=a¢
This leads to a flow of the density p,, that stays in the Gaussian space P¢. We

remark that the above metric projection approach is standard in Riemannian ge-
ometry to obtain constrained metrics and gradient flows [45].
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FIGURE 4. General posterior case: Convergence of different gra-

dient flows in terms of the L? error of E[f;], the relative Frobenius

[|Cov[0:]—Cov|[firuelll F
HCOV[GCrue]”F

E[cos(w”0; +b)]. We report the mean error across 10 random real-

izations, with shaded regions representing one standard deviation.

norm error of the covariance , and the error of

5.2. Gaussian approximation via moment closures. For any gradient flow in
the density space eq. (LZ), we can also consider the following moment closure ap-
proach to get a Gaussian approximation. First, we write down evolution equations
for the mean and covariance under eq. (L2)) noting that they satisfy the following

identities:
dmt o d o 1 o0&
e O / Mip) 5| oas,
ac,  d -
(5.6) i = i [ @ = m6 —mi)Ta
08 .
P lp=pt
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This is not, in general, a closed system for the mean and covariance; this is because
pt is not, in general, determined by only the first and second moments. To close
the system, we replace p; by ps, = N(m¢,Ct) in eq. (58). Then we obtain the
following closed system for the evolution of (my, C}):

dm, _ —/M(pat)_l(sg 640,

dt % =Pay
(5:7) ac, L6 o .
—dt = — / M(Pa,,) % =pa (0 - mt)(f) - mt) dé.

The moment closure approach has been used in Kalman filtering [I16] and Wasser-
stein gradient flows [78] to obtain a reduced system of equations.

5.3. Equivalence between two approaches. The metric projection approach
encapsulated in identity (B.4) is rooted in Riemannian geometry, whilst the mo-
ment closure approach leading to (&) is based on probability. However these two
seemingly distinct approaches lead to equivalent Gaussian approximations of the
gradient flow; see Theorem .1l and its proof in Appendix In fact, such equiv-
alence has been pointed out for the Wasserstein gradient flow in [78]. Our result
provides a general condition for such equivalence.

Theorem 5.1. Suppose the following condition holds:
(5.8) M(pa)Tpa’PG = span{6;,6;0;,1 <i,j < Np}.

Here M (p,) is the metric tensor and TpaPG is the tangent space of the Gaussian
density space P¢. Moreover, 0;,0:0; are understood as functions of 0. Then the
mean and covariance evolution eq. (51 are equivalent to (B.5).

We have Theorem showing that many metric tensors we have considered in
Section Ml indeed satisfy the condition eq. (5.8). Its proof can be found in Appen-
dix

Theorem 5.2. Assumption (5.8) holds for the Fisher-Rao metric tensor, the affine
imwvariant Wasserstein metric tensor with a preconditioner P independent of 6, and
the affine invariant Stein metric tensor with a preconditioner P independent of 0
and with a bilinear kernel (6,0, p) = (6 —m)T A(p)(0' —m) +b(p); here we require
b#0, and A non-singular.

This equivalence is useful as it allows us to use the moment closure approach
to calculate the projected gradient flows. The moment closure approach is more
convenient than the metric projection approach, since the former involves M (p,,) ™!
while the latter involves M (p,,). We know from the examples of the Wasserstein
and Stein metric tensors that M(p,,) ! is a differential operator which is simpler
in calculations compared to its inverse. On the other hand the projected gradient
flow is an intrinsic object and so it is desirable that the easy-to-implement moment
closure recovers it.

5.4. Equations of Gaussian approximate gradient flows. In this subsection,
we use the moment closure approach to derive Gaussian approximate gradient flows
for different metric tensors, discuss their connections, and draw relations to natural
gradient methods in variational inference.
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5.4.1. Gaussian approrimate Fisher-Rao gradient flow. Applying the moment clo-
sure approach to Fisher-Rao gradient flow (£2) leads to the following equation:

dm
d—tt = /0 (pat (IOg Ppost — log pat) - patEpat [log Ppost — log pat]) do
= COVpat [97 10g Ppost — IOg pat]
= CtEpat [VQ (10g Ppost — log pCLt)]7
dCt T
At = Epat [(0 —my) (0 — my)” (log ppost — log pa, — Epat [log ppost — 10g pa,])]

= CtIEpat [VBVG (log Ppost — log paz)]cta

where p,, ~ N(my,Ct), and we have used the Stein’s lemma (see Lemma [E]) in
the last steps of the derivation. Furthermore noting that E,, [V logps,] = 0, we

obtain
dmt
F = Ct]Epat [Va log ppost]a
(5.9) dc
d_tt =Cy+ CiE,, [V V9 10g ppost|Ct-

Remark 5.3. Eq. (£.9) is the same as the continuous limit of natural gradient descent
[1L196L139] for Gaussian variational inference, where the Fisher information matrix
is used to precondition the gradient descent dynamics for the optimization problem
in eq. (B2). In fact, the Fisher information matrix is equal to 9(-) in eq. (E3)
when M(+) is chosen as the Fisher-Rao metric tensor [93].

The Gaussian approximate Fisher-Rao gradient flow (5.9) is affine invariant.
Under any invertible affine transformation § = (#) = Af+b, the Gaussian density
Pa, With a; = (my, Cy) in eq. (B3) will be transformed to another Gaussian density
Pa = PHpa = Pa, With~ ay = ('fhty ét) = (Am7 ACAT) Let ﬁpost = @#ppost- Then,
the dynamics of (1, Cy) remains the same form as (0.9) satisfying

dm ~ ~
d—tt = Ct]EPat [V@ log ppost]7
(5.10) oG
d—tt = Ct —+ Ot]EPdt [VéVé log ﬁpost}ct-

The above equation can be derived using Lemma [D.1]

5.4.2. Gaussian approrimate Wasserstein gradient flow. By applying the moment
closure approach to (Z6l), we get the mean and covariance evolution equations
for the Gaussian approximate Wasserstein gradient flow with #—independent P as
follows:
(5.11)
dmt
a = /{PanP(Pan)VO (log Ppost — 10g pat)} df = P(pat)EPat [V log ppOSt]’

dc
d—tt = /VO : [patp(pat)VQ(IOg Pay — IOg ppost)} (9 - mt)((g - mt)Tde

= 2P(pa,) + P(pa,)Ep,,[VoVelog ppost|Ct + CiE,,, [Vo Vo log ppost| P(pa, ),

where pg, ~ N (my, Cy), and we have used integration by parts and Stein’s lemma
(see Lemma [ETl), and the fact that pVylogp = Vyp and E,, [Vglogp,] = 0 in
the above derivation.
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When we set P(p) = I, the evolution equation becomes

dmt
dt

dC;

E =2+ Epat [VGVG log ppost] Ci + Ct]Epat [VGVO log ppost] .

This corresponds to the gradient flow under the constrained Wasserstein metric in

the Gaussian density space [T2]78,[116].

= Epat [Vo 10g ppost] )
(5.12)

Remark 5.4. When P is the identity operator, the metric tensor 2 (a) defined in
eq. (E3) has an explicit formula [12][2880L02][124], and the corresponding Gaussian
density space is called the Bures—Wasserstein space [126].

If we set P(0,p) = C(p), a choice that leads to affine invariant Wasserstein
gradient flows in the density space, then the resulting evolution equations for the
corresponding mean and covariance are

dm
d—tt = Ct]Epat [VG IOg ppost] 3
(5.13) -
d—tt = 2015 + 2CtEPat [V@V@ log ppOSt] Ct.

Eq. (BI3) is similar to the Gaussian approximate Fisher-Rao gradient flow (59,
but with scaling factor 2 in the covariance evolution. This equation is also affine
invariant, akin to the Gaussian approximate Fisher-Rao gradient flow (5.9]).

5.4.3. Gaussian approximate Stein gradient flow. We apply the moment closure

approach to (£20). The mean and covariance evolution equations of the precondi-

tioned Stein gradient flow ([@23]) with a §—independent P are

(5.14)
dmt
dt
dC;
dt

- /(pat (9) /’i(ev 0, pa;)pa, (') PV o (log Pa, (0') — log ppost(el))de/) (0 —m,)"

T
0= 1) (0o (0) [ KO, 90, )0 (VP T (08 puy (8) ~ 1o pro (8) ')

where pq, ~ N(m¢,Ct), Py := P(p,,), and we have used integration by parts in the
above derivation.

Imposing the form of the bilinear kernel mentioned in Theorem and using the
Stein’s lemma (See Lemma [E.T) and the fact that E,, [Vlogpa,] = 0, we obtain
(5.15)

dmt -
dt
dc
d—tt =P, A:Cy + CtAL P
+ PE,,, [Vo Vg log ppost] Cr A Cy + CtAtCtEpat [Vo Vg log ppost) P

Here, we used the notations that A; = A(p,,) and by = b(pq, ).
Different choices of the preconditioner P and the bilinear kernel x in Theo-
rem [0.2] allow us to construct various Gaussian approximate gradient flows. Setting

== [(p00) [ 50090000 L0108 o (8) 108 (06 )00,

btPt]Epat [VG IOg ppost];
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P(6, p) = C(p) and choosing the bilinear kernel with A(p) = $C(p)~" and b(p) = 1
lead to the Gaussian approximate Fisher-Rao gradient flow in eq. (59). Choos-
ing the preconditioner P(p) = I and the bilinear kernel with A(p) = C(p)~! and
b(p) = 1 leads to the Gaussian approximate Wasserstein gradient flow in eq. (5.12)).
Moreover, setting the preconditioner P; = I and the bilinear kernel with A(p) = I

and b(p) = 1 recovers the Gaussian sampling approach introduced in [56]:

dm
d—tt =E,., [V log ppost]
(5.16) o
d—tt =2C; + Epat [VQVQ 10g ppost]Of + OE]EPM [VQVQ IOg ppost]-

We note that these dynamics are not affine invariant.

The above discussion implies that the Gaussian approximate Stein gradient flow
is quite general: with various preconditioners and bilinear kernels, it can recover
many Gaussian dynamics used in sampling.

Remark 5.5. In many sampling problems, we may evaluate Vglog pyost but not
the Hessian matrix VyVglog ppost. Nevertheless we note that Stein’s identities, as
presented in Lemmal[E.I] allow one to eliminate one derivative in the aforementioned
dynamics, through

(5.17) E,,, [VoVglog ppost] = E,,, [V log ppost (0 — mt)T]Cfl.

5.5. Convergence analysis. In the last subsection, we obtained various Gauss-
ian approximate gradient flows, all of which can be used to obtain a Gaussian
approximation of the target distribution. Some of the Gaussian dynamics are affine
invariant and some are not. The goal of the subsection is to provide convergence
analysis of these dynamics and understand the effect of affine invariance for differ-
ent target distributions. We will consider three classes of target distribution: the
Gaussian posterior case, logconcave posterior case, and general posterior case.

5.5.1. Gaussian posterior case. We start with the Gaussian posterior case. For
such case, we are able to compute the explicit formula of the dynamics and then
establish convergence rates. We consider the Gaussian approximate Fisher-Rao and
Wasserstein gradient flows here. Additionally, for the purpose of comparison, we
also consider the standard gradient flow for Gaussian variational inference, employ-
ing the Euclidean inner-product metric in RV« (i.e., setting 9M(a;) = I in (B3)).
This choice leads to the following dynamical system

dm
dtt _ ]Epat [V9 log Ppost] )
Lo 5]

In this article, we call it the vanilla Gaussian approximate gradient flow. In Theo-
rem [5.6] we provide convergence rates for the three different dynamics.

Theorem 5.6. Assume the posterior distribution is Gaussian ppost() =
N(0,m,,C.). Denote the largest eigenvalue of Cy by A max. For gradient flows
with initialization Cy = A\gl, where Ao > 0, the following hold:

(1) for the Gaussian approzimate Fisher-Rao gradient flow ([&.9):

lme —mullz = O(e™), |Ce — Cill2 = O(e™);
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(2) for the Gaussian approrimate Wasserstein gradient flow (BI2):
e = mulla = (e~ Am), |G, = s = O(e Mo
(3) for the vanilla Gaussian approzimate gradient flow [BI8)):
Iy = malla = O™/ wmas) [|Cy = Cullz = O™t/ FNoma)),
where the implicit constants depend on mqg, \g, m,, and C,.

The proof can be found in Appendix [E.5] which also provides details about the
implicit constants. In particular, it shows that the convergence is exponential in
time, with constants that depend linearly on the discrepancy between the initial
mean and the posterior mean. For the Gaussian approximate gradient flow (B.I8)
and the Gaussian approximate Wasserstein gradient flow ([BI2), if Ax max is large,
their convergence rate is much slower than the Gaussian approximate Fisher-Rao
gradient flow. The affine invariance property of the Gaussian approximate Fisher-
Rao gradient flow allows it to achieve a uniform exponential rate of convergence
O(e™ ) for Gaussian posteriors.

The uniform convergence rate O(e™ ") has also been studied for the mean and
covariance dynamics of the Kalman-Wasserstein gradient flow (5.13)) in [57, Lemma
3.2], [16,18], which is affine invariant. As a consequence, the affine invariance
property accelerates the convergence of the flow when the target distribution is
Gaussian.

Can affine invariance also accelerate the dynamics beyond Gaussian posteriors?
To investigate this question, in the following we study the convergence property of
the Gaussian approximate Fisher-Rao gradient flow, which is affine invariant, for
logconcave posteriors and general posteriors.

5.5.2. Logconcave posterior case. We consider an a-strongly logconcave posterior
distribution: for some o > 0

—VVglog ppost (8) = al;

note that the Gaussian posterior is a special case. The Gaussian variational infer-
ence problem eq. (5.2)) with the KL divergence admits a unique minimizer, since
under the a-strongly logconcave assumption, the KL divergence is strongly con-
vex over the space of Gaussian densities equipped with the Wasserstein metric
[78, Lemma 2]. However, unlike the Gaussian posterior case (as shown in Theo-
rem [5.6)), the convergence of the Gaussian approximate Fisher-Rao gradient flow is
no longer universal, across a class of posteriors ppost. We can nonetheless establish
Theorem (. regarding lower and upper bounds on the local convergence rate of the
Gaussian approximate Fisher-Rao gradient flow ODE system (5.9). Here, the local
convergence rate refers to the exponential convergence rate when the initial condi-
tion is sufficiently close to the unique stationary point of (.9, and is characterized
by the eigenvalues of the linearized Jacobian matrix.

Theorem 5.7. For 0 < a < B < 00, assume the posterior distribution ppost 18
a-strongly logconcave and (-log-smooth such that
log ppost € C2(]RN9), —VoVglog ppost(0) = al, —VeVglog ppost < BI.

Denote the unique minimizer of the Gaussian variational inference problem eq. (5.2)
with the KL divergence as the energy functional by p,, = N(my, Cy). For Ng =1,
let Ay .max < 0 denote the largest eigenvalue of the linearized Jacobian matriz of the
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Gaussian approxzimate Fisher-Rao gradient flow (59) around m, and C.. Then we
have

1
(7+ 2=)(1+1log(£))

Moreover, the bound is sharp: it is possible to construct a sequence of triplets
Ppost,ns On and By, where lim,_, o = 00, such that, if we let Ax max,n denote
the corresponding largest eigenvalues of the linearized Jacobian matrix for the n-th
triple, then, it holds that

(519) _)\*,max Z

n

_A*,max,n =0 (1/1Og &) .
Qnp

The proof can be found in Appendix For the counterexample, we con-
struct ppost,n such that —VoVgppost,n is a bump function between a,, and 3,, with
the width of the bump gradually approaching 0. Our analysis reveals that this
construction can drive —A, max as small as possible.

Theorem b7 implies that the local convergence rate of the Gaussian approxi-
mate Fisher-Rao gradient flow is log(g) for logconcave posteriors. Therefore, such
affine invariant flow is still advantageous in sampling highly anisotropic logconcave
posteriors, since the dependence of the local convergence rate on the anisotropic
ratio or condition number 3/« is only logarithmic.

Recently, the work [78] proved the global convergence of the Gaussian approx-
imate Wasserstein gradient flow (which is not affine invariant) when the posterior
is logconcave. We leave it as a future work to prove the global convergence rate for
the Gaussian approximate Fisher-Rao gradient flows.

5.5.3. General posterior case. In general, we can construct posteriors such that the
convergence of the Gaussian approximate Fisher Rao gradient flow to a stationary
point can be arbitrarily slow.

Theorem 5.8. For any K > 0 there exists a target ppost such that, for the three

Gaussian approzimate gradient flows eq. (£9), eq. (BI2) and eq. (BI]), the con-
vergence rate to their stationary points can be as slow as @(t*ﬁ),

The proof can be found in Appendix This demonstrates that the use of
affine invariant properties cannot achieve a universal acceleration for all posterior
distributions.

5.6. Illustrative numerical examples. In this subsection, we perform numerical
experiments comparing different Gaussian approximate gradient flows. The test
target distributions from Section are used. We consider the three dynamical
models for mean and covariance given in eq. (59), eq. (5:I12) and eq. (BI8]). Letting
Pa, = N(my,,C,) denote the approximated Gaussian density at time nAt, the

Gaussian approximate Fisher-Rao gradient flow (59) is discretized as
(5.20) Mpy1 =My + AtCLE,, [Vglog ppost],
. ;il = 07;1 - At(C’;l + Ep.,, [V Ve log PpostD-

Here, we use the forward Euler scheme to discretize the dynamics of C~! rather than
C, for which we observe better numerical stability. Following [78], the Gaussian
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approximate Wasserstein gradient flow (5.12)) is discretized as
Mpt1 = My, + AtEpan [Vg log ppost],
(5.21) Coi1 = (I+ AU(E,, [VoVolog pyost] + C; ) ) Cu
x (I + AH(E,, [VoVelog ppost] + c,;l)).

The Gaussian approximate gradient flow (5.I8) is discretized by the forward Eu-
ler scheme directly. The expectations in the evolution equations are calculated by
the unscented transform [65]66,[71] with J = 2Ny + 1 = 5 quadrature points. In
this implementation the Gaussian approximation has considerable speedup in com-
parison with the previously mentioned particle-based sampling approaches, where
J = 400. We use the same summary statistics as in Section to compare the
obtained Gaussian with the true target distribution.

For the Gaussian posterior, the convergence of different gradient flows, accord-
ing to the three summary statistics, are presented in Figure The imposition
of the affine invariance property makes the convergence rate independent of the
anisotropy A and accelerates the sampling for badly scaled Gaussian (A = 0.01).
The convergence rates of Gaussian approximate gradient flows match well with the
predictions of Theorem

For the logconcave posterior, the convergence behaviors of different gradient
flows, according to the three summary statistics, are presented in Figure On
the one hand, we observe that for two out of three summary statistics in Figure
[6 the relative error reaches a plateau. This stagnation stems from the fact that
Pa, converges to the unique minimizer p,,, which differs from the true posterior
Ppost- On the other hand, the imposition of affine invariance accelerates sampling
in highly anisotropic settings (e.g., A = 0.01), rendering the early convergence be-
havior largely insensitive to the anisotropy parameter A. Notably, the performance
of the Gaussian approximate Fisher—Rao gradient flow does not deteriorate with
increasing anisotropy. This suggests that the local convergence rate established
in Theorem [B.7] for this flow may be extended to arbitrary dimensionalities, sug-
gesting the possibility of achieving a global convergence rate as well.

For the general posterior, the estimated posterior densities (3 standard devi-
ations) obtained by different Gaussian approximate gradient flows are presented
in Figure [, and their convergence behaviors according to the three summary sta-
tistics are depicted in Figure Bl Here, the use of Gaussian approximations cannot
represent the posterior distribution well because the posterior is far from Gaussians.

In summary, along with the numerical results obtained by particle methods in
Section 5] we observe that affine-invariant modifications improve convergence for
both Gaussian and particle approximations. Generally, Gaussian approximation
methods are more efficient for sampling Gaussian and logconcave posterior dis-
tributions, as well as general posteriors with small A, in terms of the number of
function evaluations. However, this efficiency comes at the expense of computing
the Hessian matrix. For general posterior distributions with A = 1 that deviate sig-
nificantly from Gaussian distributions, Gaussian approximation may not accurately
represent the distribution (See Figure [7). In such cases, particle methods, due to
their non-parametric nature, might offer improved representations (See Figure [3),
but achieving convergence remains challenging and could require a large number of
particles, with or without affine-invariant modifications.
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6. APPLICATION: DARCY FLOW

In this section, we assess the effectiveness of the aforementioned approaches in
addressing Bayesian inverse problems, specifically focusing on a 1D Darcy flow
problem. The Darcy equation describes the pressure field p(x) in a porous medium
with a parameterized, positive permeability field a(z, #), through the following PDE

0y (a(z,0)0,p(x)) = f(z), x €D,

(6.1) p(z) =0, x € 0D.

Here the computational domain is D = [0,1]. Homogeneous Dirichlet boundary
conditions are applied on 9D, and f is the source of the fluid (see the left of
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(6.2) f(z)=41000 3 <z<z.
0 2<z<l

The Bayesian inverse problem considered here is to determine parameter 6 of the
field a(-; 6) (see the right of Figure[d) from observations y;cf, which consist of point-
wise measurements of the pressure p(x) at 7 equidistant points in the domain (see
the middle of Figure [), corrupted with observation noises  ~ N (0, ). The field
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FIGURE 7. General posterior case: Density functions (3 standard
deviations) obtained by different dynamics at ¢ = 15. Grey lines
represent the contour of the true posterior

a(z,0) is parametrized as

(6.3) loga(z,0) = > 04/ Nihi(x),

=1
where the basis functions and eigenvalues are defined by

(6.4) Ui(z) = V2 cos(nlx), N = (I +72)72,

and 6y ~ N(0, 10%) i.i.d. We note that these considerations amount to assuming
that log a(x, 0) is a mean zero Gaussian random field with covariance

(6.5) C=(-A+7)"2

Here —A is the Laplacian operator on D subject to homogeneous Neumann bound-
ary conditions, acting on the space of spatial mean zero functions [40]. In fact, (6.3)
is the Karhunen-Loeéve expansion of the Gaussian random field. Here, for numerical
studies, we truncate the sum (@3] to the first Ny = 16 terms and we take 7 = 3.

The forward problem, denoted by y = G(0), is defined as the map from 6 to p(x)
at the 7 equidistant points. Numerically, the map is implemented through solving
the Darcy eq. ([6) by a finite difference method on a size-128 grid to obtain p(z)
at the 7 observation locations. A typical computational goal in Bayesian inverse
problems is to sample the posterior distribution
(6'6) Ppost X eXp(—‘PR(G)), CI)R(e) = %(yref - g(e))T(yref - g(e)) + ﬁ@TQ,
where we specify a Gaussian prior N'(0, 1021) on 6. Note that here y..f, G(0) € R”
and 6 € R'6. The evaluation of ®(#) requires solving the Darcy eq. (6.1]), and
the corresponding gradients and Hessians are computed automatically through the
Julia ForwardDiff library [113].

The reference, ground truth posterior distribution is obtained by using the pre-
conditioned Crank-Nicolson algorithm (pCN) [36] (which is a specific function-
space MCMC algorithm). We run pCN to obtain 2 x 10® samples (with 5 x 107
samples for the burn-in period), using step size 0.02, yielding an average accep-
tance rate of 0.51. The estimated covariance matrix is plotted in Figure [0} this
figure demonstrates that there is significant anisotropy. We run and compare all
the aforementioned gradient flow approaches. We initialize them at N(0, I') instead
of the prior; this initialization allows for larger stable time step sizes. Details of
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FIGURE 8. General posterior case: Convergence of different dy-

namics in terms of Ly error of E[f,;], the relative Frobenius
[|Cov[0:]—Cov[fsruel | 7
[Cov[irue]llr

norm error of the covariance

E[cos(wT 0y + b))

, and the error of

particle based approaches, including Wasserstein GF, affine invariant Wasserstein
GF, Stein GF, and affine invariant Stein GF have been presented in Section
The scaling constants in the definition of kernels x in eqs. [@26) and [@27)) are
dropped, since they only affect the time step size. We use interacting particle
systems with J = 100 particles. Details of Gaussian approximated approaches,
including Gaussian approximated Fisher-Rao GF, Gaussian approximated Wasser-
stein GF, and Gaussian approximated GF have been presented in Section 5.6l The
expectations in the evolution equations are calculated by the unscented transform
with J = 2Ny + 1 = 33 quadrature points.
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FIGURE 9. From left to right: Source term f(z), reference pressure
field p(x) with 7 equidistant pointwise measurements corrupted by

observation noises 1 ~ N(0,7), and reference permeability field
a(x,0) of the Darcy flow problem
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FiGURE 10. The estimated posterior covariance matrix through
MCMC, in the Darcy flow problem

The maximum stable time step sizes (At) for each method, when using either
the forward Euler or Euler-Maruyama time integration schemes, are outlined be-
low: 0.030 (Wasserstein GF), 0.030 (Affine invariant Wasserstein GF), 0.990 (Stein
GF), 0.090 (Affine Invariant Stein GF), 0.162 (Gaussian Approximated Fisher-
Rao GF), 0.002 (Gaussian Approximated GF), and 0.018 (Gaussian Approximated
Wasserstein GF). We determine these maximum stable time steps through iterative
looping, incrementally stepping by 1073.

The convergence curves of these approaches (in terms of relative mean errors
and relative covariance errors) are presented in Figure [[I1 The Gaussian approx-
imate Fisher-Rao GF exhibits notably faster convergence, as a consequence of its
relatively large time step size and its affine invariance property. Affine invariant
modifications of the Wasserstein GF and Stein GF also show improved convergence
rates compared to their non-affine invariant counterparts. Both the Wasserstein
GF and affine invariant Wasserstein GF oscillate slightly due to the added noise.
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Figure shows properties of the approximated posterior distributions by dif-
ferent methods, after the 5000*" iteration. We compare them with the result by
MCMC and with the true parameters of the permeability field (referred to as “Ref-
erence”). Notably, the true parameters fall within the 3-0 confidence intervals
determined by MCMC consistently. We observe that most approaches can repro-
duce the posterior mean and confidence intervals computed by MCMC accurately
after 5000 iterations, except for the Gaussian approximate GF and Stein GF which
exhibit very slow convergence.

-+~ Wasserstein GF -+~ Affine invariant Stein GF -~ Gassian approximate Fisher-Rao GF
—e—- Affine invariant Wasserstein GF -+~ Gassian approximate GF -+~ Gassian approximate Wasserstein GF
-2- Stein GF

100

10!

100

101 e

B Ty

Rel. mean error
Rel. covariance error

10-2 : | 10—24 | |
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Number of iterations Number of iterations

FIGURE 11. The relative mean errors and relative covariance er-
rors of # obtained by various gradient flow approaches, in the Darcy
flow problem. The observed error stagnation arises from (i) finite
particle size effects for particle methods, and (ii) approximation
errors inherent to Gaussian methods.

—e— MCMC —&-- Affine invariant Wasserstein GF --+- Gassian approximate GF
-~ Reference ->- Stein GF -~ Gassian approximate Fisher-Rao GF
-+~ Wasserstein GF -+~ Affine invariant Stein GF -+~ Gassian approximate Wasserstein GF

30
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-10

-20

-30

0 indices

FIGURE 12. The estimated parameters 6, (conditional mean) and
the associated 3-o confidence intervals (dashed lines) obtained by
various gradient flow approaches and MCMC, in the Darcy flow
problem
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These experiments demonstrate the potential of gradient flow approaches, de-
signed using the KL energy functional with various metrics, numerically realized by
either particle or Gaussian approximations, for efficiently solving inverse problems
in scientific computing with a reasonable level of accuracy (often around 10% error
in the examples shown in this paper). Particularly noteworthy is the efficient and
robust performance of gradient flows equipped with affine invariance, such as the
Gaussian approximate Fisher-Rao gradient flow, an observation that aligns closely
with our theoretical expectations.

For inverse problems in higher dimensions and in many natural science and
engineering applications, computing derivatives of the forward map is costly and
may not even be feasible [66]. In such scenario, one can further apply derivative-free
approximations to the Gaussian approximate and particle-approximate gradient
flows. Specifically for Fisher-Rao gradient flows, the resulting algorithms connect
to ensemble Kalman filters and unscented Kalman filters. In fact, the Kalman
inversion algorithm in [65] can be interpreted as a derivative-free approximation
of Fisher-Rao gradient flows, which are shown to be efficient in several large-scale
applications. Moreover, when the effective dimension is low, this structure may be
incorporated into the gradient flow design, following approaches in [35[129,138] to
further accelerate sampling.

7. CONCLUSIONS

In this work, we have studied the design ingredients of continuous-time gradient
flows for sampling distributions with unknown normalization constants, focusing
on the energy functional and the metric tensor. Regarding the energy functional,
we show that the KL divergence has the unique property (among all f-divergences)
that gradient flows resulting from this energy functional do not depend on the
normalization constant of the target distribution. This makes the KL divergence
advantageous in terms of numerical implementations. Regarding the metric tensor,
we highlight the importance of invariance properties and, in particular, their in-
fluence on the convergence rates of the gradient flow. The unique diffeomorphism
invariance property of the Fisher-Rao gradient flow allows it to achieve a uniform
exponential convergence rate under general conditions; however the particle im-
plementation of the Fisher-Rao gradient flow is highly non-trivial. We introduce a
relaxed, affine invariance property for the gradient flows; in particular, we construct
various affine invariant Wasserstein and Stein gradient flows. These affine invari-
ant gradient flows are more convenient to approximate numerically via particle
methods than the diffeomorphism invariant Fisher-Rao gradient flow, and they be-
have more favorably compared to their non-affine-invariant versions when sampling
highly anisotropic distributions.

In addition, we study Gaussian approximations of the flow that lead to effi-
cient implementable algorithms as alternatives to particle methods. In particular,
Gaussian approximations can be readily applied for the diffeomorphism invariant
Fisher-Rao gradient flow. Our theory and numerical experiments demonstrate the
strengths and potential limitations of the Gaussian approximate Fisher-Rao gradi-
ent flow, which is affine invariant, for a wide range of target distributions.
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Our study shows that for general posterior distributions beyond the Gaussian
and logconcave class, the consideration of affine invariance and Gaussian approx-
imation may not be enough for designing an accurate and efficient sampler. Ex-
amples include posteriors that concentrate on manifolds with significant curvatures
such as the Rosenbrock function and also multi-modal posteriors. In our future
work, we will explore more sophisticated approximations such as Gaussian mix-
tures [24127,[4T[42L[8T] and other invariance properties to design samplers for these
challenging scenarios. Furthermore, it is possible to incorporate a Metropolization
step into interacting particle systems [122] to mitigate finite-particle error, which
offers another promising avenue for improving sampling accuracy.

Data and code availability. All codes used to produce the numerical results
and figures in this paper are available at https://github.com/PKU-CMEGroup/
InverseProblems. j1/tree/master/Gradient-Flow.

APPENDIX A. UNIQUE PROPERTY OF THE KL DIVERGENCE ENERGY
A.1. Proof of Theorem [3.11

Proof. We first note that the KL divergence satisfies the desired property: for any
¢ € (0,00) and ppost € P it holds that

KL[pHcpposd - KL[pprost] = - IOg C.

Now we establish uniqueness.  For any f—divergence with property that
Dy pllcppost] — Dylpllppost] is independent of p, we have
(A1)
lim (Dylp +tollcppost] — Dylp + tollppost]) — (Dylplleppost] — Dylpllppost]) -0
t—0 t ’

for any bounded, smooth function o supported in B%(0, R) that integrates to zero.
Here R > 0 is a finite parameter that we will choose later, and d = Ny is the
dimension of §. In the above formula we have used the fact that for sufficiently
small ¢, one has p + to € P since R is finite, so the formula is well-defined. Using
the identity

D t - D
lim f[p + Uprost] f[pprost] _ /f/( 14 )O'de,
t—0 t ppost

we can rewrite eq. (AJ]) as

A2 / (f’ Py _ (L ) odf = 0.
( ) B4(0,R) (Cppost ) (ppost )
Since o is arbitrary, f’(cp:’ost) - f’(pp’;t) must be a constant function in B%(0, R).

Because p and ppost integrate to 1 and they are continuous, there exists 6" such
that p(0%)/ppost(0T) = 1. Choose R sufficiently large such that 67 € B4(0, R).
Then, we obtain

(A.3)

T T
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for any € B4(0, R). As R can be arbitrarily large, the above identity holds for all
0 € R Let g(1/c) := f'(1) — f'(1/c). We have obtained
0) p(0)
A4 (2 —f'l———=) =g(1/c),
(4-4) I (oooe®) (@) = 90/
where c¢ is an arbitrary positive number. Note, furthermore, that g(-) is continuous

since f is continuously differentiable. Since p and ppos¢ are arbitrary, we can write
(A4) equivalently as

(A.5) f'(y) = f'(ey) = g(c),

for any y,c € Ry. Let h : R — R such that h(z) = f/'(exp(z)). Then, we can
equivalently formulate (A5) as

(A.6) h(z1) — h(z2) = 7(21 — 22),

for any z1,22 € R and r : R — R such that r(t) = g(exp(—t)).
We can show r is linear function. Setting z; = 29 in (AL6) shows that r(0) = 0.
Note also that, again by (AZ6),

r(z1 — 2z2) + (22 — z3) = h(z1) — h(z3) = (21 — 23).

Hence, since z1, 22 and z3 are arbitrary, we deduce that for any x,y € R, it holds
that

(A7) r(z) +r(y) =r(z+y).

Furthermore r is continuous since f is assumed continuously differentiable. With
the above conditions, it is a standard result in functional equations that r(z) is
linear. Indeed, as a sketch of proof, by (A1) we can first deduce r(n) = nr(1) for
n € Z. Then, by setting x,y to be dyadic rationals, we can deduce 7“(2%) = 2i‘kr(l)
for any 4, k € Z. Finally using the continuity of the function r, we get r(z) = zr(1)
for any x € R. For more details see [54].

Using the fact that r is linear and eq. (AG]), we know that h is an affine function
and thus f’(exp(z)) = az + b for some a,b € R. Equivalently, f'(y) = alog(y) + b.
Using the condition f(1) = 0, we get f(y) = aylog(y) + (b — a)(y — 1). Plugging
this f into the formula for D¢, we get

Dy[pl|ppost] = aKL[p||ppost];

noting that the affine term in f(y) has zero contributions in the formula for Dy.
The proof is complete. O

APPENDIX B. PROOF FOR THE CONVERGENCE OF FISHER-RAO GRADIENT
FLOWS
B.1. Proof of Theorem [4.1]

Proof. The Fisher-Rao gradient flow of the KL divergence eq. ([£2) can be solved
analytically using the variation of constants formula as follows. First note that

dlo 0
%() =log ppost () — log pi(8) — E,, [log ppost (8) — log py(6)],
so that
t
(9elo+tm@ = e'log ppost(0) — €'E,, [10g ppost (6) — log pi(8)].
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Thus
t
log p¢(6) = (1—e™") log ppost(6)+e~" log po(6)— / "'y, [log ppost(0) —log p- ()] d7.
0

It follows that

B pl0) = 50 o) p”(g(fg)—zi<p”0(9(g)> ,

where Z; is a normalization constant. Indeed, we have the formula

zi= | ( pol®) ) ppon ()6

Ppost (0)

by using the condition [ p;(6)dé = 1.
In the following, we first obtain the following lower bound on Z;:

(B.2) Z, > e—Ke*t(lJrB)7

where the constants K, B are from eq. ([{3) and eq. [@G). In fact, using our
assumptions eq. (£H) and eq. (L), we have

z- | (p”°<9()9)) ros(0)06 > [ () e (6)20

_ /e-Ke*t<1+\9I2>ppost(9)d9 > of ~KeT Q4O ppone ()0 5 o ~Ke™'(14B)

where in the second to last inequalities, we used Jensen’s inequality and the fact
that e* is convex.

By plugging eq. (£8) and eq. (B.2)) into eq. (B.)), we get

(B.3) pe(0) 1 ( po(8) )@ < KT 1HB) Ko (1HO]?) _ oKe 2+ B+0)

Ppost(a) B Z Ppost(a) B

Using eq. (B.3), we get the following upper bound on the KL divergence:

KL ||

ppost:|

¢ (0 ot 2
(B.4) = /pt(9) log p:os(t()e)do < /pt(ﬁ) log(effe 2+BH0)q0

— /pt(e)Ke*t(Q + B+ 10/*)df = Ke™* ((2 +B) + / |9|2pt(9)d9> .

For the last integral in eq. (B4), using eq. (B.I)) and the Holder inequality, we can
rewrite it as

(B5)
7o [ 1O 01 8= 2 [ (0 g0 10 )~ a0

1 et - .
< — </ |92po(9)d9> (/(| ‘2 post(a))d9> < BEKE (1+B)’
Zy 0l°p

where for the last inequality we used eq. (B:2)) and our assumption eq. (E8]).
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Combining eq. (B:4) and eq. (BA) together, for ¢ > log((1 + B)K), we have

(B.6) KL [pt‘

ppost} < Ke '(2+ B+ BeKe '0+B)) < (24 B + eB)Ke .

This completes the proof of Theorem 11 O

APPENDIX C. INTUITIONS REGARDING THE DEFINITIONS OF VARIOUS METRIC
TENSORS

C.1. The Fisher-Rao Riemannian metric. Writing tangent vectors on a mul-
tiplicative scale, by setting o = pi),, we see that this metric may be written as
gER(ol,ag) = [ %o, ¥s,pdf, and hence that in the ¢, variable the metric is de-
scribed via the L,% inner-product. That is, the Fisher-Rao Riemannian metric
measures the multiplicative factor via the L2 energy. In Appendix [C2 we will
see that another important metric, the Wasserstein Riemannian metric, may also
be understood as an Lf) measurement, but of the velocity field instead.

C.2. The Wasserstein Riemannian metric. The Wasserstein metric [70,88]
105] has been widely used to construct gradient flows. Define ¢, to be the solution
of the PDE

(C].) —VQ . (pvmbg) = 0.

This definition requires specification of function spaces to ensure unique invertibility
of the divergence form elliptic operator; here we use it formally to derive flow
equations. The Wasserstein Riemannian metric has the form

(C.2) gy (01,02) :/ﬂ(e)ve%l(e)Tve%z(e)de

which defines the Wasserstein Riemannian metric tensor in ({14]).

The Wasserstein Riemannian metric has a transport interpretation. To under-
stand this fix 0 € T,P and consider the family of velocity fields v related to o via
the constraint ¢ = —Vj - (pv). Then define v, = argmin, [ plv|? in which the
minimization is over all v satisfying the constraint. A formal Lagrange multiplier
argument can be used to deduce that v, = Vyi), for some 1. This motivates
the relationship appearing in eq. ([CI)) as well as the form of the Wasserstein Rie-
mannian metric appearing in eq. (C2) which may then be viewed as measuring
the kinetic energy [ plvs|?df. We emphasize that, for ease of understanding, our
discussion on the Riemannian structure of the Wasserstein metric is purely formal;
for rigorous treatments, the reader can consult [3].

C.3. The Stein Riemannian metric. The Stein gradient flow [48]83l[89)] is the
continuous limit of the Stein variational gradient descent [84]. Let 1), solve the
integro-partial differential equation

(C.3) =0 (0(6) [ K(6,0,9)0(6") Vo (8)06") = (0).

Here £ : RV x RV x P — R is a positive definite kernel for any fixed p. As
before suitable function spaces need to be specified to ensure that this equation is
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uniquely solvable; here we will treat it formally to derive flow equations. The Stein
Riemannian metric is

(C4)  gSlor.0) / / 0,0, 9)p(0)V o, (0)TV g1, () p(6/) OIS

which defines the Stein Riemannian metric tensor in (£.19)).

As in the Wasserstein setting, the Stein Riemannian metric [83] also has a trans-
port interpretation. The Stein Riemannian metric identifies, for each o € T,P,
the set of velocity fields v satisfying the constraint o = —Vy - (pv). Then v, =
argmin,, [|v||3, , with minimization over all v satisfying the constraint, and where
H, is a Reproducing Kernel Hilbert Space (RKHS) with kernel k. A formal La-
grangian multiplier argument shows that

va = [ 508" 0)pl6) T (600

for some 1,. The Stein metric measures this transport change via the RKHS norm
|vs]3,., leading to the interpretation that the Stein Riemannian metric can be
written in the form

S
gp (017 02) = <’UO'1>’UO'2>'HR'
APPENDIX D. PROOFS FOR AFFINE INVARIANCE OF GRADIENT FLOWS

D.1. Preliminaries. In this section, we present a lemma concerning the change-
of-variable formula under the gradient and divergence operators, which is useful for
our proofs in later subsections.

Lemma D.1. Consider any invertible affine mapping from 6 € RN to 0 € RN
defined by 0 = p(0) = A0 +b. For any differentiable scalar field f : RN — R and
vector field g : RNo — RNe | we have

Vo f(0) = ATVf(0) and Vg-g(0) = V- (A5(0)),
where f(0) := f(A™1(0 — b)) and §(0) := g(A~" (6 —1)).
Proof. Note that f(f) = f(6) and g( 9) = g(h). By direct calculations, we get

wasio = g0 = SO G = 3 O A = LTS 0
oo = 3 20 35 O ZZ‘M (= V5 (A3(0)).
This completes the proof. O

Remark D.2. Since f(A) = f(#) and §(0) = g(0), we can also summarize the result
in Lemma[Ddlas Vo f = ATV, f and Vg - g = V; - (4g).

D.2. Proof of Theorem

Proof. We write down the form of the affine invariant Wasserstein gradient flow as
follows:

Ip:(0)

(D.1) -

= Vo - (peP (0, p1)(Volog pi = Vo 10g pyost) )
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Consider 6 = ¢(0) = A0 + b and p; = p#p; for an invertible affine transformation
¢. Then, it suffices to show that under the assumption P(6,p) = AP(6, p)AT, one

has
Opi(0 A _ _
(D.2) ”55 ) _v,. (P8, 50)(V 108 pu — V108 fpomt))-
First, for the left hand side, by definition, we have
(D.3) pe(0) = pr(0™ 1 (0)) Ve ()] = pe(0)|A.

For the right hand side, the chain rule leads to that
(D.4) Vilog py = ATV log pe V108 ppost = A TV4log Ppost-
Therefore, we can write the right hand side of eq. (D.2)) as
Vs (PP (6, 51) (V108 i — V3108 fpost))
ZV§ : (ﬁtp(év ﬁt)AiT(VO IOg Pt — VG IOg ppost))
~Vo - (A" P(0,750) A" (Vo 10g p1 — Vo108 ppont) )
=V - (ptA’lP(é, i) A~ (Vo log py — Vo log ppost)> AT,

where in the second equality, we used eq. (D)), and in the third equality, we
used Lemma [Dl Based on eq. (D), eq. (D) and eq. (D), a sufficient condi-
tion for eq. (D:2) to hold is A~'P(A, p)A~T = P(6,p), or equivalently, P(f,5) =
AP(0,p)AT. This completes the proof. O

D.3. Proof for the Fokker-Planck equation. By definition, the Fokker-Planck
equation associated with (£I7) follows

apéia) =—Vp- (ptbt) + Vo - (Ve : (Dpt)),

(D.6)
where
by = P(0,pt) Vg 10og ppost + ((D(O,pt) — P(0, pt)) Vg log pi(0) + d(9,pt)),
1
D= §h(97pt)h(97pt)T

Note that in the above, we use the notation where for a matrix-valued function
A(0) € RNoxNo the divergence v = V - A € RY¢ is defined such that for each
component v; = Z;V:el 0jA;j;, where 1 <17 < Npg.

Using the definitions of b;, D and d = Vy - D, we have

—Vy - (Ptbt> =V - (ptP(gapt)(Vé’ log pr — Vg log ppost))
~ Ve - (PtD(vat)Va log pi(0) + ped(0, Pt)>7
(D.7) \E (Ve - (Dﬂt)> =Vp - (Ve - D(0, pt)pt + D(8, ﬂt)Vept)
=V - (Ve -D(0, pt)pe + D(0, pt)ptVe logpt)
=Vy - (d(@, pi)pe + D(0, pt)pi Vo log Pt)~
Bringing eq. (D7) into eq. (D.6) leads to (ZIG]).
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D.4. Proof of Theorem [4.71

Proof. Consider the invertible affine transformation § = (#) = Af + b and corre-
spondingly p = @#p and pPpost = P#FPpost- We aim to verify that the mean-field
equation is affine invariant according to Definition 3] where

f(97 P ppost) = P(ea p)VQ 1Og ppost(e) + (D(97 p) - P(97 p))VG log p(e) + d(ea p)

Using eq. ({I1D), we get
< 1~ 1

Similarly, it holds that d(6, 5) = Ad(6, p). Based on these relations, we can calculate
as follows:
(D.8)
Af(au pu ppost)
= AP(0,p)Vplog pposi (0) + A(D(0, p) — P(0,p))Velog p(0) + Ad(0, p)
= AP(0,p) ATV 108 prost (0) + (AD(0, p) — AP(0, p)) A"V 51og () + Ad(0, p)
= P(0,5)V10g ppost (0) + (D(0, p) — P(0, p)) Vlog (6) + d(B, p)
= f(67 P ﬁpost)-

The first equality is by definition. In the second equality, we used A”'V;log p(6) =
Vo log p(0). In the third equality, we used the condition in Theorem With this
result, the mean-field equation is affine invariant and the proof is complete. O

D.5. Proof of Theorem [4.10L

Proof. The proof is similar to that in Appendix [D.2l The affine invariant Stein
gradient flow has the form
(D.9)

8p5§9) =V [pt(f))/H(Ga9’,pt)pt(f)’)P((%@/,pt)W/ (log pe(6") —logppost(ﬂ’))dB’]

Consider § = o(0) = AO + b and p, = p#p; for an invertible affine transformation

. Then, it suffices to show that under the assumed condition, one has

(D.lq)

op: (0 s S < s _ _ ~\ s
poi‘i ) =V;- [pt(H)/ﬁ(@,@',pt)pt(ﬁl)P(G,ﬁl,pt)Vg, (log p(6) — logppost(ﬁ’))dQ'].

For the right hand side of eq. (D.I0]), we have

(D.11)

f=pu(0) / K(6,0(0'), 51 )pe (0) A P(,0(8'), 5) A~ "V (log pe(6') — 10 ppest (6))d6,
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where in the first equality, we used eq. (D.4); in the second equality, we changed
coordinates in the integral 8’ = ¢(6’); in the third equality, we used Lemma [D]]
about g, and in the last equality, we used eq. (D.3)).

By eq. (D3), eq. (DII) and eq. (D), a sufficient condition for eq. (D.I0) to
hold is

w(0.0(0), AT P(0,0(0), ))A™T = (0.0, p)P(0,0, p),
or equivalently,
k(0,0 5)P(0,0',p) = k(6,0 p)AP (0,6, p) AT,
where ' = ¢(6’). This completes the proof. O

D.6. Proof of Theorem (.11

Proof. Consider the invertible affine transformation 6 = ©(f) = A0 + b and corre-
spondingly p = ©#p, Ppost = PFPpost- By direct calculations, we get

Af(@, j2 Ppost)

= / k(0,0 p)AP(8,0', p)Vr (log p(6") — 1og ppost(6')) p(6")d8’

(D.12) / K(0,8', p)AP (8,0, p) AT (V5108 fpost (6') — V5log () p(6')d6"

[ 0.8 DPE.5 (V5108 s ) ~ Vil 50) (610

f( ppost)

The first equality is by definition. In the second equality, we used A7V ;log p(0) =
Vologp(0). In the third equality, we used the relation p(¢') = p(0")]A] due to
eq. (D3), and d¥’ = |A|df’; we also used the condition in Theorem With

this result, the mean-field equation is affine invariant (Definition [4.3]). The proof is
complete. ([l

APPENDIX E. PROOFS FOR (GAUSSIAN APPROXIMATE GRADIENT FLOWS

E.1. Preliminaries. We start with the following Stein’s identities concerning the
Gaussian density function p,.

Lemma E.1. Assume 0 ~ N (m,C) with density p,(0) = po(0;m,C), we have

1
(E.1) Vmpa(0) = =Vopa(0) and Vepa(0) = EV(;Vgpa(e).
Furthermore, for any scalar field f : RNe — R and vector field g : RNo — RNo | e
have
(E.2)

E,.[Vog(0)] = VinE,,[9(0)] = Covg(h),01C,
E,,[VoVef(0)] = Cov[Vef(0),0)C~' = —-C'E,, [(C (O —m)(0— m)T)f} o
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Proof. For Gaussian density function p,, we have

Vonpal0) = V”Vﬁ exp{— (6 - m)C'(0—m)}

= OO0 = m)pal0) = —Vopa(0),
~10log|C|  10(6 — m)TC~1(0 — m))

Vera(0) = pa(6)

2 0C 2 oC
1 1
= —56al0) (0—1 Y —m) (0 — m)TC’_l) = 3VaVapa(0).
For any scalar field f(0) and vector field g(6), we have

(E.3)
E,, [Vog(6)] = / Vog(0)pa(0)d6 = — / 9(0)V6pa(6)7d0 = Y, [(6)

- / 9(6)(6 —m)"C pa(6)d8 = Covlg(6), 610",
E,, [VoVof(6)] = / VoVof(6)pa(6)d0 = — / Vo f(6)Vopa(6)7d0
- /vgf(e)(e —m)TCpa(0)d8 = Cov[Vef(0),0]C

— [ 16)90Vop (006
= _—C'E,, [(c (0 —m)(O— m)T)f} o

Lemma [E2] is proved in [77, Theorem 1]:

Lemma E.2. Consider the KL divergence

KL|pa

1
ppost:| =3 log‘C” — /pa(H) log ppost (6)d6 + const.

For a fived ppost, any minimizer of this divergence over the space PY, denoted by
Pa, (0) = N (0, my, Cy) with ay, = (my, Cy), satisfies

E,,, [Vg log ppost(Q)] =0 and C;'= —E,.,. [V(;Ve log ppost(ﬁ)].

E.2. Equivalence of two Gaussian approximation approaches in Section 5.1l
Here we prove Theorem [B.] and Theorem [.2] which identifies specific gradient
flows, within the paper, that satisfy the assumptions required for application of
Theorem .11

Proof of Theorem[B.dl. Any element in the tangent space of the Gaussian density
space PY, Tpa’PG is given in the form V,p, - o, where o € RV,
The density evolution equation of eq. (B3 is

8paz
ot

-1 0E(pa; Ppost)
Oa ’

a=az

(E4) = _vapat 'm(at)

where p,, = N(my,Cy). We will prove that its evolution equations of m; and C;

are eq. (B.6).
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Using assumption (eq. (5.8)), we know that for any f(6) € span{6;,0,6;,1 <
i,j < Ng}, there exists a ¢ € RNe_ such that

f(0) = M(pa)Vapa - 0.

Then we have

. (o0 552 s0) = (M) L) M)V o)
= <%fop) . » Vapa - 0>
and
(Vapa - Ma)™! 785(’)‘5;1’0“) )

= (Vupo - ma) P 20) y(190, )
(E.6) = <M(pa)Vapa - M(a)™! w s Vapa - o>

_ < 35(pgappost) 7 U>

_ <%§)p) . Ve -a>.

Here we used the definition of M(a) in eq. (BA) for the third equality. Combining
eq. (E5) and eq. (E.f), we have that the mean and covariance evolution equations

of eq. (E4) are eq. (51). O

Proof of Theorem[5.2l. Using the calculation in the proof of Lemma[E.1] the tangent
space of the Gaussian density manifold at p, with a = (m,C) is
PC = span{p,[C 710 — M), pa[CTHO —m)(O —m)TC™ - C71);;}
= span{pa(0; — Ep, [0:]), pa(0:6; — By, [0:0;]) },

andlgi,jSNg.

For the Fisher-Rao metric, we have
(E.8)
MR (p,)~" span{6;,0,0;} = span{pa(0; — E,, [0:]), pa(0:0; — E,,[0:6;]) } = T,,, P.

T,,
(E.7)

For the affine invariant Wasserstein metric with preconditioner P independent
of 8, we have
(E.9)
MAW(pg) =t span{6;,0,0; }
= span{ Vo - (pa(0)P(pa)ei), Vo - (pa(0)P(pa)eit;) }
=span{Vy - (pa(0)(t + A'0)) Wb € RN0 A’ ¢ RNoxNo}
= span{pa (0)[tr(A") — (0 — m)"C~1 (Y + A'0)] W € RV A’ € RNexNo}
=T, P

Here e; is the i-th unit vector.
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For the affine invariant Stein metric with preconditioner P independent of 6
and with a bilinear kernel x(6,6’,p) = (8 — m)TA(p)(0' — m) + b(p) (b # 0, A
non-singular), we have
(E.10)

MAIS(pa 1span{91,9 0; }

;-
soan{ Vo (pa(0)P(02) [ w0a@)6:00'). V- (pul0)P(00) [ pu(@citiar’)}

= {Vg ( pa)bel) , Vo - ( W (0)P(pa)[(0 —m)T Aejcjje; + beimj])}
= span{ Vg - (pa(0)(' + A'0)) W € RNe A’GRNGXNG}
=1T,, PG,
]

E.3. Analytical solutions for the Gaussian approximate Fisher-Rao gra-
dient flow. The analytical solution for the Gaussian approximate Fisher-Rao gra-
dient flow (53] to sample Gaussian distribution is in Lemma

Lemma E.3. Assume the posterior distribution is Gaussian ppost(6) ~ N (my, C).
Then the Gaussian approzimate Fisher-Rao gradient flow (B9) has the analytical

solution

—1
(E.11a) my = my + e_t((l —e Heot + e_tC(;1> Cy ' (mo — my),
(E.11b) Cil=c'+et(Cyt = o).

The proof is in Appendix [E4l We remark that both mean and covariance
converge exponentially fast to m, and C, with convergence rate O(e~*). This
rate is independent of m, and C,. The uniform convergence rate (’)(e_t) of the
Gaussian approximate affine invariant Wasserstein gradient flow (5I3)) is obtained
in [57, Lemma 3.2] [I8].

E.4. Proof of Lemma [E.3l

Proof. Under the Gaussian posterior assumption and the fact that

ac;t L dCt '
=-C;, —C;
dt ¢
the Gaussian approximate Fisher-Rao gradient flow eq. (B9]) becomes
d
= GO e =),
(E.12) qo-1
t -1 -1
=—C, c..
dt t + *
The covariance update equation has an analytical solution
(E.13) Cit=Q0-e ot +e 'Oyt

We reformulate eq. (E11a) as

My — My = efttho_l(m* - mo).
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Computing its time derivative leads to

dm _ _,dCy
d_tt = —e'C,Cy H(mg — my) + e td—ttC’O Ymg —m,)
(E.14) = —e7'CyCy H(mo — my) + e H(Cy = GO Cy)Cy H(mo — my)

= CtC*_le_tCthl(m* —myg)
= C'tC;l(m* — mt).

E.5. Proof of convergence for Gaussian posterior (Theorem [5.6)).

Proof. Under the Gaussian posterior assumption, for 8; ~ N (m, C;) with density
Pa,, We have

(E.15)
]Epat [VG log ppost(et)] = _C*_l(mt - m*)7 Epaz [v9v9 log ppost(et)] = _C*_1~

Here m, and C, are the posterior mean and covariance given in eq. (5:2). We have
explicit expressions for the Gaussian approximate gradient flows egs. (5.9), (512)

and (B.I8):
(E.16)
Gaussian approximate gradient flow:

Omy = —C (my —my), 0:Cy = %C[l - %C;l.
Gaussian approximate Fisher-Rao gradient flow:
omy = —CiC7 (my —my), 0,Cp = Cy — CLC1Cy.
Gaussian approximate Wasserstein gradient flow:
omy = —C 7 H(my —my), 0,0y =21 — C,C7H = C7ACy.
For the dynamics of m; for both Gaussian approximate gradient flow and Gauss-
ian approximate Wasserstein gradient flow, we have
(E.17) my —my =e O (mg — my).

By taking the 2—norm on both sides, using || - ||2 to denote both the vector and
induced matrix norms, and recalling that the largest eigenvalue of C, is Ax max, We
obtain
(E.18)

-1
Ime = malla < le™ lzllmo — mu) ||z < e/ Armax|lmg — m[ls = O(e™ " Armax),

The bound can be achieved, when my — m, has non-zero component in the C,
eigenvector direction corresponding to A, max-

For the Gaussian approximate Fisher-Rao gradient flow, thanks to the explicit
formula eq. (Ed1al), we find that

(E19)  [Ime — mall2 < e max{||Cy]l2, |Coll2}ICG l2llmo — mulla = O(e™).

The bound can be achieved when mg — m, is non-zero.

Next, we analyze the dynamics of the covariance matrix C;. Our initialization
Co = Aol commutes with C,,C !, It follows that C; commutes with C,,C ! for
any t > 0 and all gradient flows in eq. (EI6]), since 0 is the unique solution of
the evolution ordinary differential equation of CyC, — C,C}. So we can diagonalize
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Cy,Cp L., C; ! simultaneously, and write down the dynamics of the eigenvalues
of Cy. For any eigenvalue \; of CY, it satisfies the following differential equations,

1 1
Gaussian approximate gradient flow: O\ = VI
(E.20)  Gaussian approximate Fisher-Rao gradient flow: 0O A = Ay — N
20\

Gaussian approximate Wasserstein gradient flow: 0jA\; =2 —

Ay
where )\, is the corresponding eigenvalue of C,. From eq. (E20), we know that
At is bounded between \g and \.. Moreover, the ordinary differential equations in
eq. (E20)) can be solved explicitly.
For the Gaussian approximate gradient flow
__t__2Mt=Xo 32

(E.21) M= A=No—AJe 251N =\ = 0(e ).
Since the largest eigenvalue of C} is A« max, We conclude that

ICe = Cullz = O /wm).
For the Gaussian approximate Fisher-Rao gradient flow,

(E.22) = A D = A = 0.

1+(§—;—1)e—t

IC = Cull2 = O(e™).
For the Gaussian approximate Wasserstein gradient flow
(E.23) A=A+ e 20 =N, A — Ao| = O(e 2/,
Since the large eigenvalue of C, is Ai max, We conclude that

ICy = Cull = O(e2Aeumm),

It follows that

O

E.6. Proof of Theorem .7 Let p,, be N(m,,Cy), the unique minimizer of
eq. (B2), noting that this is also the unique stationary point of Gaussian approx-
imate Fisher-Rao gradient flow eq. (59); see Lemma [E.2 for definition of a,. It
satisfies

(E24)  E,, [Vologppost(d)] =0 and E,, [-VeVglogpest(0)] = C; '
For Ny = 1, we can calculate the linearized Jacobian matrix of the ODE sys-
tem eq. (B9) around (m,, Cy):
(E.25)
ORHS ‘
A(m, C) lm.c)=(m..c.)
_ [ -1 _%Epa* [—VQV@ log ppost (0) (6 — m*)}
—Eyp,, [VoVolog ppost(0)(0 —m.)]|C =5 — 3B, [~VoVo10g ppost(0) (6 — m.)?] |’
where RHS denotes the right-hand side of the ODE system eq. (59).
We further define
A =E,, [—V@Vg log ppost (0) (6 — m*)],
Ay :=E,, [-VoValog pposi(0)(0 — m,)?] >0

(E.26)
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Using the Cauchy-Schwarz inequality and eq. (E24]), we have
(E.27) AsC7t = AE,, [—VeVglog ppost(0)] > AT

By direct calculations, the two eigenvalues of eq. (E.28) satisfy

—(2 4+ 1A, — /(2 - L1452 42420,
(E.28a) A= \/ ; 2 o,

—(5 +342) +/(5 — 342)? + 247C,
(E.28b) Ap = — 22 \/ ; 2

(3+340) +/(3 - s + 2430, ~ 3+ A

where in the last inequality, we have used (E21). In the following, we prove bounds
on Ag.

Step 1 (Upper bound). Since the upper bounds (E.28)) of the two eigenvalues depend
on As, we will first prove that

%) (10g(2

Without loss of generality, we assume m, = 0; otherwise we can always achieve this

through a change of variable. Considering now only the right half of the integration

(i.e. integration from 0 to +oo) defining A,, we have

(E.30)
+o00o

(E.29) Ay < (4+ )+1).

1 102
—VyVyl ost(0)0? 20.df
/0 6 Ve log pp t( ) \/me
_/ —V Vg log ppost (0)62 T2 A
0 6 pos /—27TC*

+oo 1 .
—VoVol ost (0)6? Tzo.de
+/A oVe ngp t( ) \/me

A2 oo 1 102
< = —VyVsl ot (002 ~27,df (Usi . do<A
+/A 6V l0g Pp t( ) \/me ( smg eq (m) an = )

< —|—ﬁ — ¢ ég‘ dé (U ing 0> A dﬁ- thne f1 Ppos )
—_ * S1 an SIMOO ness o o S
C C guv= g Ppost

A2 2 02 A2 2
— oA + %ﬂ*c*(ﬁ 4 1)6*2% (Direct calculation)

A2 B A 50, , 1
S C_* + ﬁa( —QC* + A )6 * (Usmg O* S a)
2 B
<2+ ﬁ)(bg(a) +1),

where in the last inequality, we have chosen A such that % = max{log(g), 1} since
the previous derivations work for any positive A. We can get a similar bound for the
left half of the integration defining A, (i.e. integration from —oo to 0). Combining
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these two bounds leads to eq. (E229). Bringing eq. (E29)) into eq. (E28) leads to
1

(7T+ %)(1 + log(g)) ’
Therefore, we finish the proof of (EI9) in Theorem B.71

(E.31) Ao < —

Step 2 (Lower bound). Next, we will construct an example to show the bound is
sharp. The basic idea is to construct a sequence of triplets ppost.n, On, and o,
where lim,, oo g—z = o0, and the corresponding —X2, = O(l/log(g—:)). In the
following proof, we ignore the subscript n for simplicity.

We consider the following sequence of posterior density functions ppest, such that
(E.32)

_(6—a)?

e 202
—VyVglog ppost(6) = /H(x)aimdl‘ H(z) = {
6

B vy—o<zx<y+o
«  Otherwise

)

Vo 10g ppost () = / —Vo Vg log ppost(0)d8’ + ¢,
where —V Vg log ppost(6) is a smoothed bump function containing four parameters
v,0 >0 and 0 < a < 5. Clearly, we have

al X =VyVglog ppost(0) = BI.

Moreover, we will have another parameter ¢ to determine Vg log ppost(6). It is
worth mentioning that for such a-strongly logconcave posterior, the Gaussian vari-
ational inference (2)) has a unique minimizer (m*, C*), which is determined by
the stationary point condition in eq. (E24)); see also [78].

The intuition behind the construction of the bump function is as follows. Our
objective is to ensure that the dominant eigenvalue, denoted as Ay in equation
([E25), as large as possible (thus leading to a lower bound). Since Ay satisfies

1+ Ay — A2C, 1+ Ay — A2C,
A= e
Sy +/(34; - )2 243, + A2
1 AlC,
I vl Gl )
1+ 4 ’

we require As to be as large as possible, whilst ensuring that the expression (1 —
2

Aj‘—f*) as small as possible. Recall the definitions of A; and As in eq. (E20); for

the latter term, we have

(E.33) AQCII = AZ]Epa* [—VGVG log Ppost (9)}

(E.34) =E,,. [~VoVs1og ppose(8) (0 — m.)?IE,, [~V Vo 10g ppost (6)]
(E.35) > (E,,, [~V Vo 10g ppost (0)(0 — m,)])* = A
due to the Cauchy-Schwarz inequality. Thus we get (1 — —Azc*) > 0. To make this

term as close to zero as possible, we consider when the Cauchy-Schwarz inequality
can become equality. In fact, we need —VyVylog ppost(f) to take the form of a
delta function. As in the assumption we have log ppost(f) € C? so this is not
achievable. To approximate this condition, we can construct —Vg Vg log ppost (0) as
a bump function H(x) and gradually narrow the width of the bump to approach
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zero. The Gaussian kernel is employed to smooth the bump function and simplify
the subsequent calculations; this is why the form of H in (E.32)) is constructed.

Now, we will provide a detailed construction. Instead of specifying 8 and ¢, we
can specify m, and C, since there is a one-to-one correspondence between them.
We specifylg that

. v 1
(E.36) o=~ m, =0 _210g'y_73 and azm.
Then, 8 and ¢ are determined by the stationary point condition (E24]), namely
C; ' =Ry, [~V Vo 1og pposi( / L e
* “* o 2r(0? + C,)
Y+o _ (@=—my)?
(B37)  —a+(i- R N

\/2m 02—|—C

0=E,,. [Vologppost(0)] = / Pa. (9)/ —VoVglog ppost(0')d0'dl + c.

We will let v —> 0 later. Note that in the above system, when 7 is close to zero, for
any C, = Tg'y < l , we will have 8 > «, so the above lead to valid specification
of parameters. We now only have one free parameter v. We can now also view the
triplet ppost, B, and « as functions parameterized by -.

In the following, we will let v — 0 and estimate the leading order of A1, As, «

and § in terms of 7. Let my, = % and C,, = szc , we have
_ (e 221*0) 1 (o2
— VoV log ppost (0)N (m /H - e 207404 dx.
pos ( ) *9 * \/27_‘_0*0 \/27T 0.2 + C )

Bringing this to eq. (E20]) leads to
A1 = Epa* [—VQVQ 10g ppost(a)(e — m*)]

T— "M% 2
_ / H(z) e — M 5 4,
2r(02 + Cy)

(E.38) 2

Ay =E,, [-VyVglog ppost(0)(0 — my)7]

— 2 T — T 5 2
_ /H(l’) C*a' + (m*o m*) 67 2((52+C)*) de.
2n(0?2 + C,)

With the definitions in eq. (E30]), we have the following estimation about Gaussian
integration

Y+o _ 22
(E.39) / ae 2Ee dr = 247" (1 + O(log 7,/7)).

Y—0O

Here we use © to denote the leading order term, as v — 0. Bringing the definition
of o and C} and using change-of-variable with y = %, the left hand side of eq. (E.39)
becomes

Y+o _ 22 1+~ .
(E.40) / e 202+codx :7"“/ y"e? log'ydy.
y—o 1-/~

9These choices of parameters are motivated by the subsequent calculations.
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Bringing the following inequalities into eq. (E.4Q) leads to eq. (E:39)

n+1 A y*logvqy >9 (] — me(lHv los
0% /1_\/7 y'e Y >2/7" v7)
=277 (1 + ©(2log 11/7)),
v /Hﬁ y"ev’ 198 dy <277 (1 4 \/7) eIV o
17
=2/77"2(1 - ©(2logv\/7)).

Here we used the Taylor expansions of (1—,/7)"e0 2V 107 = ©((1—n/7)(1+(y+

2,/7)log7)) and (1+,/7)"e~2vNe7 = ©((1+n,/7)(1+(y—2,/7) log~)). Then
the estimation for Ay, Ay from eq. (E-38)) and the covariance condition in eq.
become

_ rto 22
(E4la) A, = M/ e 1 s
o +C* Yy—o 27’(’(0’2 +C*)

_(B—a)C, 272'5% 87 (1 4 ©(logry/7) (Using (D)

o2+ C,
_ 2(5\/_%04) 425(~ log 7)*5 + @(2(5\/_%0[) +3(—log 7)1.5)’
Y+o 2 22
(EAlb) Ay =aC,+ (5 —a) %e‘mdx
(E.41c) =aCs+ (8- a) 2/~ Togry (1 + 27\1/2—:;7)(1 T+ 27logy)
x (1+O(logvv7)) (Using (E.39))
=aC, + 2(57\/%6073'5(_ log7)%% + @(2(67\/%6074(— 10g’y)1'5),
o B Y+o ; _%
(E4ld) C.  =a+(f—a) ot C*)e ( ) dw
=a+ (8- a)271'5#(1 + O(logvv7)) (Using (E39))
—at 2(5\/_7?04)71.5(_ log )% + @(2(5\/%04) 72(—10gV)1'5>-
From eq. (E:30]), we have
1

Combining eq. (E:42), the definition of C, in eq. (E36), and eq. (E-41d) leads to
the estimation about 3, as follows:

wa) Lol

)045

) and ﬁ—az@((_l%).
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Combining eq. [E-4THE.43] leads to the estimations about A; and A,, as follows

(E.44) Ay = @(—lzgv) Ay = O(—log),
(£.45) - AC, Angl_—lA% _ 9((—logv)/vz) _ 1 \
A AsCy @((_log,y)Q/,yz) —logy
Finally, we can bound the large eigenvalue of eq. (E25]) by
. 1+ 4, — A2C, <Ai2+(1—1%)_@ L
S+ 14+ /(34, - 2 +243C, L+ —log

Here we use A > 0 and 1 — % > 0. BEq. (E43) log(g) = O(—log~) indicates
that for the constructed logconcave density, the local convergence rate is not faster
than —O(1/log(2)).

E.7. Proof of Theorem [5.8 Consider the following example, where 6 € R and
dr(0) = ii(grl as,0%* with asr+2 > 0. We will choose agj later so that the

convergence of these dynamics is © (¢t~ s ). Recall the Gaussian approximate Fisher-
Rao gradient flow is

dm
d—tt = Ct]Epat [VG IOg ppOSt]7
(E.46) ac
d—tt = Cy+ CiE,,, [V Vo 10g ppost]Cy.
We first calculate the explicit formula of the dynamics. For the mean part, we
have
(E.A47)
2K +1
Ep, [Volog ppost(0)] == Y 2kanE,, [67]
k=1
2K +1

k—1 .
% — 1\ iy g (2 —2i—2)!
- _ 2]{3 21+1Ck i—1 i )
]; “”“?_%(%H)m oh—i=T(k —i—1)!

In the above we have used the explicit formula for the moments of Gaussian distri-
butions. By (E4T), we know that when m = 0, E,,, [Vg10g ppost(#)] = 0. Later, we
will initialize the dynamics at mg = 0; as a consequence, m; = 0 so we only need
to consider the covariance dynamics given m = 0.

For the covariance part (assuming m = 0), using Stein’s identity, we get

_ OB, [Volog ppost (8)]

(BA48)  E,, [VoVelogppost(8)] o lm=0 = —f(C),

om
where
2K+1
o, (2k—2)!
(E.49) F(C) =" 2k(2k — 1)ag,C* 1%.
k=1

We choose {ag;,}72" such that

2k (2k — 1)%%19 _ <2Kk+ 1) (—1)2K+1k
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which leads to the identity
1 - f(O)C = —(C —1)*K+1,

Now, we calculate the explicit form of the dynamics, with the above choice of ®p.
We initialize the dynamics with mg = 0. For the Gaussian approximate Fisher-Rao
gradient flow eq. (59)), we have

dmt

dt ’

dc
d—tt = Ct(l - f(Ct)C’t) = _Ct(ct - 1)2K+1~

For the vanilla Gaussian approximate gradient flow eq. (.I8]), we have

(E.50)

(E.51) ac, L(l  H(C)0) = (G- 1)2K+1
dt — 2C, i 20, '

For the Gaussian approximate Wasserstein gradient flow eq. (512), we have

dme _ g,
(E.52) d‘éf
d—tt =2(1 — f(C)Cy) = —2(Cy — 1)+,

For these ODE systems given in egs. (EX50) to (E52), when Cj is close to 1,
their behavior is well approximated by the following equation:
dCy
dt
where o = 1,—1, -2 for egs. (E50) to (E52) respectively. This system has a
stationary point at Cy = 1. When Cj # 1, the solution to eq. (E-53) is given by

(E.53) = —a(C; — 1)K+

1
2K

(E.54) Ci=1+ (2Kat +(Cy—1)72F) ™,

which converges to 1 at the rate O(t~ ).

APPENDIX F. DETAILS OF NUMERICAL INTEGRATION

In this section, we discuss how to compute the reference values of E[f], Cov[d],
and E[cos(w '@ + b)] for the logconcave posterior and Rosenbrock posterior in Sec-
tion First, for any Gaussian distribution, we have

/cos(wT9 + 0N (9;m,C)do = exp(—%wTC'w) cos(wl'm +b).

We can rewrite the logconcave function as

OW — 9@ /32 g2
10/X 20

Dr(0) :%

Licensed to Calif Inst of Tech. Prepared on Thu Sep 17 12:05:03 EDT 2026 for download from IP 131.215.250.0.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



56 YIFAN CHEN ET AL.

The following integration formula holds:

/6*%(”(&9(1) — V20m/ae 020,
® 02 e

e~ ®r(0)g(1) qp(1) — /207r/)\—e_9 /207

VA

e~ P99 = \ /207 A0 e 0 /20,
2 2

e~ Pr(0) (1% 3p(1) _ | /2071'/)\(9()\) + %)6—9@)4/207
2 2

—2r(0)g(1)(2) gp(1) — 207T/)\9( ) 6*9(2)4/207

VA

e~ Pr(0)p(2)% 1p(1) _ /20%0‘9(2)26—9(2)4/20’

o—Pr(0) cos(w(l)H(l) +w@p@ 4 b)dﬁ(l)

\\T\\\

= \/Weigw(lﬂ cos(wM @ /VA + w9 4 b)efe("‘)“/zo.

Other 2D integrations can be addressed by first performing 1D integration with
respect to 8(1) analytically, and then the second 1D integration with respect to 8(?)

is computed numerically with 107 uniform points.

We can rewrite the Rosenbrock function as
1(0@ — g2 (1 g2
2 10/A 20

Pr(0) =
We have the following integration formula:

e~ 2r(0)1p(2) — 207r/)\e_(1_9(1))2/20,

e~ 2r(0)g(1)qp(2) — \/mg(l)e—(l—w))z/%,

e~ Pr(0)g(2) 192 — \/mg(l)267(1*9“))2/207
2r(0) (1) 392 W@ —(1—9“))2/207

PR g2 o2 _ W@ —p)y2 /20’
e~ cos(w @0 4 MM 4 p)ag

= \/2071'//\67%“)(2)2COS( @g? 4 ,MeM +b)e”

Moreover, we have

\\\\\\\

//e*%(e)do(l)dg(m - QOTZ\T E[o] = {111} Covlf] = {
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Other 2D integrations can be addressed by first performing 1D integration with
respect to #) analytically, and then the second 1D integration with respect to (%)
is computed numerically with 107 uniform points.
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