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ACCURACY OF THE ENSEMBLE KALMAN FILTER
IN THE NEAR-LINEAR SETTING*
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Abstract. The filtering distribution captures the statistics of the state of a possibly stochastic
dynamical system from partial and noisy observations. Classical particle filters provably approximate
this distribution in quite general settings; however, they behave poorly for high dimensional problems,
suffering weight collapse. This issue is circumvented by the ensemble Kalman filter, which is an equal-
weights interacting particle system. However, this finite particle system is only proven to approximate
the true filter in the linear Gaussian case. In practice, however, it is applied in much broader settings;
as a result, establishing its approximation properties more generally is important. There has been
recent progress in the theoretical analysis of the algorithm in discrete time, establishing stability and
error estimates, in relation to the true filter, in non-Gaussian settings; but the assumptions on the
dynamics and observation models rule out the unbounded vector fields that arise in practice, and the
analysis applies only to the mean field limit of the discrete time ensemble Kalman filter. The present
work establishes error bounds between the filtering distribution and the finite particle discrete time
ensemble Kalman filter when the dynamics and observation vector fields may be unbounded, allowing
linear growth.
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1. Introduction. This paper describes a setting in which the ensemble Kalman
filter (EnKF) accurately approximates the filtering distribution of discrete time, par-
tially observed, stochastic dynamical systems. In subsection 1.1, we set the work in
context by providing a literature review. Subsection 1.2 details our contributions and
overviews the paper structure. In subsection 1.3 we establish notation used through-
out the paper. Subsection 1.4 contains a precise statement of the filtering distribution
which we approximate using the EnKF.

1.1. Literature review. Algorithms for filtering employ noisy observations,
arising from a (possibly stochastic) dynamical system, estimate the distribution of
the system state conditional on the observations. The Kalman filter [20] deter-
mines the filtering distribution exactly for linear Gaussian dynamics and observations.
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The extended Kalman filter generalizes the Kalman filtering methodology to nonlin-
ear problems and is based on a linearization approximation; see [19] and [2]. The
linearization approximation leads to an inexact distribution for nonlinear problems
and furthermore requires evaluation of covariance matrices, making the methodology
impractical for large-scale geophysical applications [18]. Particle filters or sequential
Monte Carlo methods [15, 10] offer an alternative methodology for nonlinear filtering
problems, allowing recovery of the exact filtering distribution in the large particle
limit. However, this class of methods scales poorly with dimension and, in particular,
suffers weight collapse, making its application to geophysical problems prohibitive;
see, for example, [28, 5, 26, 1].

For this reason, the EnKF has emerged as a popular robust methodology for filter-
ing, especially in high dimensional problems. We refer to [9] for a detailed discussion of
the literature in areas aligned with, or adjacent to, the results we establish about the
EnKF. In this literature review, we confine ourselves primarily to overviewing a nar-
row subset of the work extensively reviewed in [9] with a focus on several of the open
questions detailed in our closing remarks. The EnKF was introduced in the seminal
paper [16]. Its success stems from the low-rank approximation of large covariances,
cheaply computed using an ensemble of particles, which allows the methodology to
be deployed in geophysical applications. Quantifying the accuracy of the ensemble
Kalman filter has been of great practical and theoretical interest. In paper [21], ac-
curacy of the EnKF, viewed as a state estimator and not in terms of the filtering
distribution, is established. This work is undertaken in both discrete and continuous
time. This continuous time analysis of state estimation accuracy was improved upon
in [11], where a variance inflation condition from [21] was dispensed with. The contin-
uous time model used in [21, 11], however, was not rigorously justified as a continuous
time limit of the discrete time EnKF until [22].

For nonlinear non-Gaussian settings, which are of particular practical interest,
analysis of the accuracy of the EnKF in relation to the true filtering distribution,
rather than just state estimation, remains in its infancy. The papers [24, 25] studied
this issue in the linear Gaussian setting where the mean field limit of the Kalman
filter is exact; they demonstrated that the ensemble Kalman filter may be viewed as
an interacting particle system approximation of the mean field limit and established
Monte Carlo type error bounds. The recent article [8] overviewed the formulation
of ensemble Kalman methods using mean field dynamical systems and provided a
platform from which the analyses of [24, 25] may be generalized beyond the linear
Gaussian setting. We refer the reader to [8] for a comprehensive overview of mean-
field limits of ensemble Kalman filters. In the recent paper [9], the authors established
stability properties of the discrete time mean field ensemble Kalman filter and used
them to prove accuracy of the filter in a near-Gaussian setting.! However, this paper
does not consider finite particle approximations of the mean field, and the conditions
on the dynamics-observation model require boundedness of the vector fields arising.
In this paper, we address both these issues, establishing error bounds between the
finite particle discrete time ensemble Kalman filter and the true filtering distribution
in settings where the dynamics and observation vector fields grow linearly.

IWe note that in [9], the authors use “near-Gaussian” to characterize the joint distribution of
state and data, which leads to a near-Gaussian filtering distribution. However, in their context, the
additional assumption of bounded dynamics and observation model vector fields limits their results
to the setting of near-constant vector fields. In this work, we are more general and use “near-linear”
to characterize the dynamics and observation model vector fields: this also leads to near-Gaussian
filtering distributions.
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We note that extending our work in this paper, concerning filter accuracy, to
the continuous time setting established in [22] remains open. Likewise, an important
open question stemming from our work is to establish estimates valid on the infinite
time horizon in either the discrete or the continuous time setting. In the continuous
time setting, this is studied for ensemble Kalman approximation of the Kalman-
Bucy filter when the true filter is Gaussian, in [13]; the paper [6] comprehensively
reviews this line of work. The paper [12] contains long time stability estimates for
the sample means and sample variances of the discrete ensemble Kalman filter in
nonlinear, non-Gaussian settings but is confined to one dimension. Stability estimates
of this kind will be needed in any generalization of our work to the infinite time
horizon.

1.2. Contributions and outline. We make the following contributions.

1. Theorem 2.1 is a stability result for the discrete time mean field ensemble
Kalman filter in the setting of dynamical models and Lipschitz obervation
operators that grow at most linearly at infinity.

2. Theorem 2.3 quantifies the error between the discrete time mean field ensem-
ble Kalman filter and the true filter in the setting of dynamical models and
Lipschitz observation operators that are near-linear.

3. Theorem 2.4 quantifies the error between the finite particle discrete time en-
semble Kalman filter (found as an interacting particle system approximation
of the mean field) and the true filter in the setting of near-linear, Lipschitz
dynamical models, and linear observation operators.

When going beyond the work in [9], the current paper simultaneously addresses
a more applicable problem class by allowing linear growth in the dynamics and obser-
vation operators and confronts the substantial technical challenges which arise from
doing so. Indeed, allowing for unbounded vector fields enables the application of this
analysis to the setting of the Kalman filter; in addition, it enables the integration of
this mean field analysis with finite-particle error estimates developed in the literature,
such as in [24]. Bounds on moments of the filtering distribution and mean field ensem-
ble Kalman filter must be established; these bounds grow in the number of iterations,
which is in contrast to [9], where the L* bounds on model and observation operators
ensure a uniform bound on moments. A further challenge is presented by the need to
establish stability bounds for the conditioning map, giving rise to the true filter, and
the transport map giving rise to the ensemble Kalman filter. These results exhibit
dependence on moments in the stability constants and require control of the growth
given by the dynamics; this is again in contrast to [9], where the L* bounds allow
for a uniform control.

After discussing notation that will be used throughout the paper in subsection
1.3, we introduce the filtering problem in subsection 1.4. In section 2, we outline
the main results of the paper concerning the ensemble Kalman filter. In subsection
2.1, we formulate the ensemble Kalman filter that we consider in this paper, along
with the relevant assumptions we will use in the analysis. In subsection 2.2, we state
a stability theorem for the mean field formulation of the ensemble Kalman filter,
hence Contribution 1. We leverage this result in subsection 2.3 to derive a theorem
quantifying the error between the mean field ensemble Kalman filter and the true
filter, Contribution 2. Finally, in subsection 2.4, we make use of the results of the
previous subsections to state a theorem quantifying the error between the (finite
particle) ensemble Kalman filter itself and the true filter, yielding Contribution 3.
Various technical results, used in the proof of our three main theorems, may be found
in the appendices. We conclude with closing remarks in section 3.

© 2026 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 03/18/26 to 172.56.126.171 . Redistribution subject to CCBY license

394 CALVELLO, MONMARCHE, STUART, AND VAES

1.3. Notation. We denote by |+| the Euclidean norm on R™, while the induced
operator norm on matrices is denoted by ||¢||. For symmetric positive definite matrix
S € R"*™ we denote by |+|s the weighted norm |S~1/2+|. Given a function f: R" — R
and r > 0, we let B (f,r) denote the L ball of radius r centered at f. Similarly, for
functions f, g and r > 0, we denote by B ((f,g),r) the L ball of radius r centered
at (f,g) on the product space, i.e., the set of all (f,g) € L>®(R") x L>=(R?) satisfying

If = flloe®ny <7, (19— gllpoe@ey <7

We write |+|cos for the C%! seminorm, referring in particular to the Lipschitz
constant.

We apply the notation 1l to denote independence of two random variables. We
write N'(m, C) to denote the Gaussian distribution with mean m € R™ and covariance
C e R"™™. We use P(R"™) to denote the space of probability measures over R™, while
we write G(R™) for the space of Gaussian probability measures over R”. We will
denote by PP(R™) the set of probability measures over R™ with finite moments up to
order p. With the exception of empirical measures formed from finite ensembles, this
manuscript primarily deals with probability measures that have a Lebesgue density
because of the assumptions concerning the noise structure in the dynamics model and
the data acquisition model. In this setting, we abuse notation by using the same
symbols for probability measures and their densities. For p € P(R™), the notation
p(x) for x € R™ refers to the Lebesgue density of p evaluated at z, while u[f] for
a function f: R™ — R will be notation for fR" fdu. For function f:R"™ — R™ and
measure p € P(R™), we denote by fyu € P(R™) the measure given by the pushforward,
under f, of pu.

For a probability measure € P(R™), the notation Mg(u) denotes the gth poly-
nomial moment under the measure pu, defined as

(1.1) M= [ Jaiu(ao)

We denote by M(u) and C(p) the mean and covariance under u, respectively, as
follows:

M(p) = plz],  C(p) =u{(w —M(n) ® (- M(u))}-

We use Pr(R"™) with R > 1 to denote the subset of P(R") of probability measures
with mean and covariance satisfying the bounds

(1:2) MR 25l <COn < B,
where I,, denotes the identity matrix in R™*™, and < is the partial ordering defined by
the convex cone of positive semidefinite matrices. Additionally, Gr(R™) is the subset
of G(R™) of probability measures satisfying (1.2).

For m € P(R% x R%) defined on the joint space of state and data associated with
random variable (u,y) € R% x R% we denote by M¥(r), M¥(r) the means of the
marginal distributions and by C**(w), C*¥(w) and C¥¥(7) the blocks of the covariance

matrix C(m). In particular, we write

0 me= () = (Sl ),
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For h: R — R% we also define C"*(7) to be the covariance of vector h(u) for u
distributed according to the marginal of m on u, and C*"(r) to be the covariance
between u and h(u). Given this notation, we also introduce the set P2, (R%*4v) of
probability measures 7 with finite second moment satisfying C¥¥ () > 0.

Throughout, we will denote operators acting on the space of probability measures
via the mathsf font. We introduce the Gaussian projection operator G: P?(R") —
G(R™) defined by Gu =N (M(p),C(p)). We refer to G as a projection because Gy is
the Gaussian distribution closest to p with respect to KL(p||*) [7], where KL(u||v)
denotes the Kullback—Leibler (KL) divergence of u from v. We note that G defines
a nonlinear mapping. Throughout the paper, we make use of the following weighted
total variation distance as in [9].

DEFINITION 1.1. Let g: R" — [1,00) define the function g(v) := 1+ |v|?. The
weighted total variation metric dg: P(R™) x P(R™) = R is defined by

dg(p1, p2) = sup |pa[f] — palf]
|fI<g

)

where the supremum is taken over all functions f: R™ — R bounded from above by g
pointwise and in absolute value.

Remark 1.2. The following remarks concern the distance d:
o If 1,0 have Lebesgue densities p1, po, then

dy (11, p13) = / 9(0) p1(v) — pa(v)] .

e Unlike the usual total variation distance, the weighted metric in Definition
1.1 enables control of the differences |M (1) — M(p2)| and ||C(p1) — C(u2)]|-
This is the content of Lemma B.6, stated in Appendix B.1, which is used in
the proof of a key auxiliary result (Lemma B.11).

1.4. Filtering distribution. Here, we introduce the hidden Markov model that
gives rise to the filtering distribution. We employ notation similar to that established
in [8, 9]. We consider {u;};c[o,;j C R% to be unknown states to be determined from
associated observations {y;},c1,5] C R%. We assume the states and observations to
be governed by the following stochastic dynamics and data model:

(1.4&) UJ+1:\I’(’LLJ‘)+§J‘7 fj NN(0,2)7

(1.4b) Yir1 = h(ujs1) +mj41, 141 ~N(0,T).

We assume that the initial state is a Gaussian random variable ug ~ N (mg, Cy) and
that the following independence condition is satisfied:

(15) ’LLoJ.LfoJ_L“-J.Lg,],lJ.L??lﬂ_'--J_L’r]J.

We define the conditional distribution of the state u; given a realization YjJr =
{yi,,y;r} as the filtering distribution, which we denote by p;. We also refer to

; as the true filter. In the context of this paper, data YjT are assumed to be a collec-
tion of realizations from (1.4). As formulated in [23, 27], the evolution of the filtering
distribution may be written as

(1.6) fj+1 = LiPug,
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where P and L; are maps from P(R%) into itself and which effect what are referred to
in the data assimilation community as the prediction and analysis steps, respectively
[3]. The prediction operator P is linear and is determined by the Markov kernel
arising from (1.4a). On the other hand, the operator L; is nonlinear and encodes the
incorporation of the new data point y;[ 11 using Bayes’ theorem. These operators are
defined via action on probability measures with Lebesgue density u as

1 1 2
(1.7a) Pu(u) = \/W /Rdu exp (—2 lu — ‘I’(U)|z> p(v) do,
1 2
exp (== |yly — h(u)|} ) ()
(17)  Lu(w)= (ol -0

1 |
[ e (=gl - n@)f ) nwav
Rdu

We may rewrite the analysis map L; as the composition B;Q, where the operators
Q: P(R%) — P(R% x R%) and B;: P(R% x R4) — P(R?) are defined by

(1.89) Qo) = e (gl =) ) o).
(1.8b) M(U,y;H)

B u(u) = o
/ WU,y ) dU
Rdu

Linear operator Q maps a probability measure with density p into the law of random
variable (U,h(U) + n), with U ~ p independent of  ~ N(0,I"). Nonlinear operator
B, effects conditioning on the datum ij 41+ Hence, we may reformulate (1.6) as

(1.9) fj+1=B;QPu;.

2. The ensemble Kalman filter. We begin in subsection 2.1 by introducing
the specific form of the mean field ensemble Kalman filter that we consider in this pa-
per; other versions leading to implementable algorithms and for which similar analysis
may be developed can be found in [8]. In this subsection, we also outline the various
assumptions that will be employed for the results of the paper. We note that the
subsections that follow proceed with increasingly restrictive assumptions on dynam-
ics and observation operator. However, all of the theorems allow for linear growth of
the vector fields defining the dynamics and the observation processes. In subsection
2.2, we state and prove a stability theorem, which shows that the error between the
true filter and the mean field ensemble Kalman filter may be controlled by the error
between the true filter and its Gaussian projection on the joint space of state and
observations. In subsection 2.3, we establish an error estimate which shows that the
mean field ensemble Kalman filter provides an accurate approximation of the true
filtering distribution for dynamics and observation operators that are close-to-linear.
In subsection 2.4, we deploy the results of the two preceding subsections to state a
theorem quantifying the error between the finite particle ensemble Kalman filter itself
and the true filtering distribution.

2.1. The algorithm. The ensemble Kalman filter as implemented in practice
may be derived as a particle approximation of various mean field dynamics [8]. The
particular mean field ensemble Kalman filter that we consider in this paper may be
written as
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(2.1a) w1 =V (uy)+&j, £ ~N(0,%),
(2.1b) Ujr1=h(Ujp1) + 501, mjn ~N(0 ),
(2.1c) w1 =y +C (7)€ (7)) (ylen — Gi),

where 71, = Law(;11,7;4+1) and where the independence condition (1.5) holds. We
refer the reader back to subsection 1.3 for the definition of the covariance matrices
appearing in (2.1c). We denote by u?K the law of u;. We aim to formulate the
evolution of M?K in terms of maps on probability measures; hence, we introduce, for

a given yl,, the map T;: P2(R% x R%) — P(R%) defined by

(2.2) Tjm= Ao, ;ﬂ,y;+1)ﬁ7r.
Here, for given m € P2 (R% x R%), z € R%, the transport map 7is defined as

(2.3a) Ao,o;m, 2): R x R — R,
(2.3b) (u,y) = u+C*(m)C¥ ()~ (2 — y).

Evolution of the probability measure M?K may then be written (see [8]) as
(2.4) i =T,QPug™.

We note that a specific instance of map ,7deﬁned in (2.3) appears in (2.1c) and
is determlned by probability measure w := 7r] +1 (here, equal to QPM K) and data
z:= y i1+ We refer to [9] for a step-by-step argument detailing why the law of u; in
(2.1) evolves according to (2.4). The operator T; is equivalent, over the Gaussians
G(Rd x R%) C P(R% x R¥), to the conditioning operator B;; see Lemma B.7. We
recall that in the particular case where pg is Gaussian, which we assume throughout
the paper, and the operators ¥ and h are linear, that the mean field ensemble Kalman
filter (2.4) coincides with the filtering distribution (1.9). However, this paper focuses
on the aim of analyzing the accuracy of ensemble Kalman methods when ¥ and h are
not assumed to be linear.

The ensemble Kalman filter as implemented in practice may be derived as a
particle approximation of the mean field dynamics as defined by sample paths in (2.1)
or as an evolution on measures in (2.4). To this end, we observe that for any 7 in the
range of Q, C¥¥ () = C"(7) + T and C% () = C*"(r) using the notation introduced
in, and following, (1.3). This is since the noise in the observation component defining
7 is then independent of the state component defining 7. Using this observation, the
particle approximation of (2.1) takes the form

(2.52) ) =)+l €D N(0,D),
(2.5b) “M—h<ﬁo+@Lj ny L ~N(0,T),
-1
(2.5¢) U§21 Agll +ch (Ai}i]v) (Chh (Aﬂ(lN) +F> (y;+1 @(21)
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~EK,
where 7

41 s the empirical measure

AEKN
]+1 N Am ~(1) a

J+1’y7+1

and 5() ~ N(0,%) ii.d. in both 4 and j and n]_H ~ N(0,T) ii.d. in both 4 and j;
furthermore, the set of {fj )} is independent from the set of {7]](21} Choosing to
express the particle approximation of the covariance in observation space through
C" and T ensures invertibility, provided I is invertible. From the particles evolving
according to the dynamics in (2.5), we define the empirical measure

(2.6) ;Elef 25 @

whose evolution describes the ensemble Kalman filter.

Our theorems in subsections 2.2 and 2.3 regard the relationship between the true
filter (1.9) and the mean field ensemble Kalman filter (2.4). In subsection 2.2, we
consider the setting in which ¥ and h exhibit linear growth but are not assumed to
be linear; hence, the true filter is not Gaussian. In subsection 2.3, we then consider
small perturbations of the Gaussian setting that arise when the vector fields ¥ and h
are close to affine. The theorem in subsection 2.4 concerns the relationship between
the true filter (1.9) and the ensemble Kalman filter (2.6). In this subsection, we
combine existing analysis on the convergence of the ensemble Kalman filter to the
mean field ensemble Kalman filter with the results from the previous subsections to
state and prove an error estimate between the ensemble Kalman filter and the true
filter in the nonlinear setting. Specifically, we study the case of a vector field ¥ that
is a bounded perturbation away from affine and an affine vector field h. To state our
theorems, we will use the following set of assumptions.

Assumption H. There exist positive constants sy, 5w, Kn,fn,0, and v such that
the data {yT} the Vector fields (¥, k), and the covariances (X,T") satisfy
(H1) data Y= {yj 1 lies in set B, C RX7 defined by

B, = {YT eRX/ :jg&%w}l < ny} ;
(H2) covariance matrices ¥ and I' are positive definite: ¥ 3= 01y, and I' = v1y, for
positive ¢ and ;
(H3) function W: R% — R% satisfies |¥(u)| < k(1 + |u]) for all u € R%;
(H4) function h: R% — R% satisfies |h(u)| < rn(1+ [u]) for all u € R%;
(H5) function h: R% — R satisfies |h|co1 < £, < 00.

Assumption V. The vector fields (U, h) are affine; i.e., they satisfy the following:
(V1) the function ¥: R% — R%: satisfies ¥(u) := Mu + b for some M € Rdu*du
and b€ R%;
(V2) the function h: R% — R satisfies h(u) := Hu+w for some H € R%*%« and
w € Ry,

2.2. Stability theorem: Mean field ensemble Kalman filter. In this sec-
tion, we consider the setting of dynamic and observation operators satisfying the
linear growth assumptions contained in Assumption H. Informally, the result of The-
orem 2.1 shows that, given these assumptions and if the true filtering distributions
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(#45)jefo,7—-1] are close to Gaussian after lifting to the joint state and data space, then
the distribution u?K given by the mean field ensemble Kalman filter (2.4) is close to
the filtering distribution p; given by (1.9) for all j € [0, J].

THEOREM 2.1 (Stability: mean field ensemble Kalman filter). Assume that the
probability measures (15)jeqo,s7 and ([L?K)je[[oJ]] are given respectively by the dynami-
cal systems (1.9) and (2.4), initialized at the Gaussian probability measure po = ugs €

Q(Rd“). That is,
i =B;QPu;,  p =T,QPus™.

If Assumption H holds, then there exists C = C(Muax{3+d, a+d,} (H0)s Ky K©s Ky Cny
¥, T,J) such that

dg (W55, ) < O max  do(QPpj, GQPuy).

Proof of Theorem 2.1 below relies on the following auxiliary results, all proved in
Appendix B.

1. For any probability measure p with finite first and second order polynomial
moments M, (p) and Mo(p), the means of Py and QPp are bounded from
above, and their covariances are bounded from both above and from below.
The constants in these bounds depend only on the parameters xg, xp, 2,1
and on M () and Ma(u). See Lemmas B.1 and B.2.

2. Let (p)jequ,s and (u5™)jeq, s denote the probability measures obtained
respectively from the dynamical systems (1.9) and (2.4), initialized at the
same Gaussian measure pig = g € G(R%). Then, for any integer ¢ > 2,
there exist constants Mq7M¢;EK < oo depending on Mg (o), Ky, kv, kn, 2, T, J
so that

Jmax My(pg) <M, and jgﬁggﬂ/\/lq(u?{) <MK
See Lemmas B.3 and B.5. This will facilitate use of the stability results from
Items 6 and 7.

3. For any Gaussian measure p € G(R% x R%), we have that Bju = T;u. See
Lemma B.7 and [8, 9].

4. The map P is Lipschitz on P(R%) for the metric d,. The Lipschitz constant
Lp depends only on the parameters kg and ¥. See Lemma B.8.

5. The map Q is Lipschitz on P(R%) for the metric dg. The Lipschitz constant
Lq depends only on the parameters x;, and I'. See Lemma B.9.

6. The map B; satisfies, for all 7 € {QPp : p € P(R%)and Mz(u) < oo} C
P(R% x Rv), it holds that

V4 € [0, J], dy(B;Gm,B;m) < Cpdy(Gm, ),

where Cg = Cg(Ma(p), ky, Kw, Kp, %, I'). Namely, this item regards the sta-
bility of the operator B; between a probability measure and its Gaussian
projection. See Lemma B.10.

7. The map T, satisfies the following bound: for all R > 1, it holds for all
S PR(Rd” X Rdy) and p € {QP/J, YIRS P(Rd“) and M2~max{3+du,4+dy}(ﬂ) <
o} C P(R% x R%) that

Vielo,J],  dg(Tym, Tjp) < L dy(m,p),

for a constant Lt = Lt (R, Ma.max{3+d. 4+d,} (1), Ky, K, Kn, ln, 2, T). Namely,
this item may be regarded as a local Lipschitz continuity result. See
Lemma B.11.
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Proof of Theorem 2.1. Within the following argument, we make reference to the
list of items outlined above. We begin by defining for ease of exposition the following
measure of difference between the true filter and its Gaussian projection:

(2.7) ei=  max dg(QPu;, GQP).

We assume throughout the argument that j € [0,J — 1]. The proof rests upon the
following application of the triangle inequality:

(2.8a) dy (1555 1) = dg (T;QPES™, B;QPuy)
<dy (TJQPM?K’TJQPMJ) +dy (TJQPMj’TjGQPNj)
+dy (B;GQPu;, B;QPp;) .
Here, we have used the fact that T;GQPu; = B;GQPu; by Item 3 (Lemma B.7).

Ttem 2 (Lemmas B.3 and B.5) shows that, for any integer g > 2, there exist constants
Mq,M;EK < oo depending on Mg (o), Ky, kw, Kn, 5, T, J so that
max M V<M, and max M, (uF%) < MFK,
5y Malig) S Mo jelo.] (1) < My

Therefore, by Item 1 (Lemma B.2), there is a constant R > 1 depending on the
covariances X, I', the bounds k¢ and kj, from Assumption H, and the moment bounds
M, and M3, such that for any j € [0,.J —1], it holds that QPu;, QPur™ € Pr(R x
R%). In view of Items 4, 5, and 7 (Lemmas B.8, B.9 and B.11), the first term in
(2.8a) satisfies

(29)  dy (T;QPus™, T;QPu;) < Lv (R, Moumax{3+d. 4+d,}) LaLedg (155, 15) ,
where, for conciseness, we have omitted the dependence of the constants in the bound
on Ky, kw, kn, 3, . By definition of R, it holds that GQPu; € Gr(R% xR%), hence the

second term in (2.8a) may be bounded using Item 7 (Lemma B.11) and the definition
in of € in (2.7). Indeed, it holds that

dy (T;QPy1;, T;6QP;) < Lt (R, My mmax(s s, a+4,1)dg (QPp;, GQPp;)
<Lt (R, M2-max{3+du74+dy})€'

Using Item 6 (Lemma B.10) and the definition of € in (2.7), we establish the following
bound on the third term in (2.8a):

dg (B;GQPu;,B;QPu;) < Cody (GQP;, QPuj) < Cpe.
Therefore, setting ¢ = Lt (R, Mz.max{3+du}4+dy})LQLP, we have that

dy (i, 1) < Ldg (5™ 1) + (L7 (R, Minax(ad, a+d,y) + Cs)e.

The conclusion then follows from the discrete Gronwall lemma using the fact that
1™ = po- a

2.3. Error estimate: Mean field ensemble Kalman filter. It is possible
to deduce from the result of Theorem 2.1 that the error between the true filter and
the mean field ensemble Kalman filter can be arbitrarily small if the true filter is
arbitrarily close to its Gaussian projection in state-observation space. This condition
on the true filter, which we refer to as “closeness to Gaussian,” can be satisfied in
the setting of unbounded vector fields by considering small perturbations of affine
vector fields because we prove in Proposition 2.2. Combining Proposition 2.2 with

Theorem 2.1 gives an error estimate for the mean field ensemble Kalman filter, yielding
Theorem 2.3.
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PROPOSITION 2.2 (Approximation Result). Suppose that the data YT = {y;r 3-]:1
and the matrices (3,1") satisfy Assumptions (H1) and (H2). Fiz ky,5n > 0 and
assume that Wo: R% — R%* and hg: R%™ — R% are affine functions and, hence,
satisfy (V1) and (V2), respectively, while also satisfying Assumptions (H3) and (H4)
with Ky, k. Let (j15)je0,57 denote the true filtering distribution associated with func-
tions (W, h), initialized at the Gaussian probability measure j1g = N'(mg, Co) € G(R%).
Then, for any J € Z*, there is C = C(mq, Co, ky, kw, £p, 3, T, J) > 0 such that for all
e€[0,1] and all (¥,h) € Br~((Vo,ho),€), it holds that

(2.10) jeﬁé{?}glﬂ dg(GQPu;, QPp;) < Ce.

Proof. In what follows, (M?)je[[o,.]]] and (i) ;efo,s7 denote the true filtering distri-
butions associated with functions (¥g,hg) and (¥, h), respectively, initialized at the
same Gaussian measure N (mg, Cp). Furthermore, we let Py and Qg denote the kernel
integral operators (1.7a) and (1.8a) defined by the specific vector fields (¥, ho). By
Lemma B.3, the filtering distributions have bounded second moments. Let

2
R= max (‘y}+1 ,1+M2(u2),1+M2(uj)).

j€lo,J-1]

Throughout this proof, C' denotes a constant whose value is irrelevant in the context,
depends only on the constants mg,Co, Ky, kw, kn, 5,1, j (in particular, it does not
depend on g, ¥, h), and may change from line to line. Fix j € [0, — 1]. Note that
the filtering distribution defined by (¥q,hg) is Gaussian. Then, using the triangle
inequality and Gaussianity of QoPq u(;, we obtain

dg(GQPp;j, QP ) < dg(GQP;, GQoPouy) + dg (GQoPors, QP1e;)
=dy(GQP;, GQoPopf) + dy(QoPops, QPu;).

We note that since the filters have bounded first and second order polynomial mo-
ments, by Lemmas B.1 and B.2, we may deduce that there exists R > 1 such that

(2.11) Vje[o,J—1], Poud, € Pr(R™), QPpj, QoPop) € Pr(R% x R%).

The second part of this display allows direct application of Lemma C.1, which concerns
the local Lipschitz continuity result for the Gaussian projection operator G, to obtain

dg(GQP;, QPp;) < Cdy(QoPops, QP ;)
< Cdy(QoPop, QPop]) + Cdy(QPop}, QPpy).
Using (C.2) from Lemma C.2, noting that since Pou® € Pr(R%) by (2.11), it holds

that Mg(Poﬂ?) < dy R, and using the Lipschitz continuity of Q (Lemma B.9), we
deduce that

dg(GQPp;, QPp;) < Ce(1+ dyR) + Cdg(Pop), Ppuj)
< Ce(l+dyR) + Cdy(Pop, Pul) + Cdg (P, Ppuy)
<C

e(1 4 dyR) + CeR 4 Cdg (15, 1),
where the second inequality follows by the triangle inequality, and the third
inequality follows from bounding dg(Po,u?,Puj) using (C.1) from Lemma C.2 and

from the Lipschitz continuity of P (Lemma B.9). The statement then follows from
Lemma C.3. |
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THEOREM 2.3 (Error Estimate: mean field ensemble Kalman filter). Assume
that the probability measures (115) 0,77 and (,u?jK)jE[[O,J]] are given respectively by the
dynamical systems (1.9) and (2.4) initialized at the Gaussian measure g = uy™~ €
G(R™). That is,

pier=BiQPu;, i =T;QPu™

Suppose that the data YT = {y;r }3]:1 and the matrices (X,T) satisfy Assumptions (H1)
and (H2). Let the vector fields Wq, ho be affine functions satisfying Assumptions (V1)
and (V2), respectively, while also satisfying Assumptions (H3) and (H4) with some
constants ky,kp > 0. Additionally, let g > 0 be a constant. Then, there exists
a constant C = C(Mg(po), Ky, Kw, Kn, Ly, 5,1, J), where g :=2-max{3+d,,4+d,},
such that for all e €[0,1] and all (U, h) € Bre((¥g,ho),e) with h satisfying Assump-
tion (H5), it holds that

dg (1, 1y) < Ce.

Proof. Since Assumption H is satisfied, it is possible to apply the result of The-
orem 2.1 to deduce that there exists C' = C(Moa.max(3+dy a+d,}(H0)s s Ky, Kw, K,
4,3, T) such that

dg(u5¥, uy) <C dy(QPu;, GQP;).

g(ky™ s ) jeﬁf)l,{i]}il]] 9(QPL;, GQPu;)
Additionally, since (¥, h) € Bre((¥q,ho),e) for Uy, hg satisfying Assumptions (V1)
and (V2) and moreover Assumptions (H3) and (H4), we may apply Proposition 2.2
to deduce the result. 0

2.4. Error estimate: Finite particle ensemble Kalman filter. In this sub-
section, we combine the results from the work in [24] with stability Theorem 2.1,
together with approximation Theorem 2.3, to derive a quantitative error estimate be-
tween the finite particle ensemble Kalman filter and the true filter in the nonlinear
setting. In order to define an appropriate metric, we introduce the following class of
vector fields.

Assumption P1. The vector field ¢ : R%™ — R satisfies for any u,v € R%, the
condition

|p(u) — ¢(v)| < Lglu—v|(1+ [ul* +|v[*),

for some ¢ > 0 and for some Ly > 0. We note that for any such ¢, there exists Ry >0
which depends on Ly so that |¢p(u)| < Re(1 + [u[*™) for any u € R%.

We will prove various technical lemmas under Assumption P1; these may be useful
beyond the confines of this paper. However, for our theorems, we use the more specific
Assumption P2, which enables the control of first and second moments.

Assumption P2. The vector field ¢ : R% — R satisfies for any u,v € R% the
condition

|6(u) = d(v)] < Lglu —v|(1+ [u] + |v])
for some Ly > 0. Note that for any such ¢, there exists R4 > 0 depending on Ly so
that [¢(u)| < Re(1+ |u|?) for any u € R,

THEOREM 2.4 (Error Estimate: finite particle ensemble Kalman filter). Assume
that the probability measures (j15);epo,57 and (N?K’N)je[[o,” for finite J € N are
obtained respectively from the dynamical systems (1.9) and (2.6) initialized at the
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Gausszan probability measure g € G(R¥™) and at the empirical measure ,uOEK N =
~ ZZ 10 ) for ué) ~ Lo 1.49.d. samples, respectively. That is,

EK,N _
Hi+1=B;QPu;, Hijp1 = 25 @
,L'_

where u(ll evolve according to the iteration in (2.5). Suppose that the data Y1 =

{yj}‘] 1 and the matrices (2,T) satisfy Assumptions (H1) and (H2). Assume that the
vector field h is linear, and let kp, ¢y, be positive constants such that Assumptions (H4)
and (Hb) are satisfied. Furthermore, let the vector field o be an affine function sat-
isfying Assumption (V1), as well as Assumption (H3), with ky > 0. Additionally, let
Ly >0 be a constant. Then, there exists a constant C' = C(Mg(uo), Ry, Ly, ky, Kw, Kn,
by, by, 2T, J), where q:=2 - max{3 + dy,4 + dy,2- 47}, such that for all e € [0,1] and
all U € Br~(Ug,¢) satisfying |¥|cor < by < o0, the following bound holds for any ¢
satisfying Assumption P2:

(E [WEN ] - ww]f)m <c (\}N +s) .

We note that the expectation appearing in the bound from Theorem 2.4 is with
respect to the law of the particles ugl) which evolve according to (2.5) and which
define the empirical measure ,u}Ele. The proof presented hereafter relies on the
following elements.

1. We apply the triangle inequality in order to employ two distinct results con-
cerning the mean field ensemble Kalman filter. The proof thus involves quan-
tifying the error between finite particle ensemble Kalman filter and the mean
field ensemble Kalman filter, as discussed in Item 2, and the error between the
mean field ensemble Kalman filter and the true filter, as discussed in Item 3.

2. The work in [24] establishes a Monte Carlo error estimate, with rate of 1/v/N,
between the empirical measure p®%  representing the particle ensemble
Kalman filter, and the measure u*¥ describing the evolution of the mean field
ensemble Kalman filter. In particular, this holds under Assumptions (H1)
and (H2) on the data and covariances of the noise processes, the linearity of
the vector field h, and Assumption (H3) on ¥ with the additional assumption
that |¥|co1 < fg < 0o0. In Lemma D.1, we provide a self-contained proof of
[24, Theorem 5.2] to gain insight into the dependence of the constant prefactor
multiplying 1/v/N on the parameters of the Gaussian initial condition and
the number of steps J.

3. We assume that the data YT = {y;}jzl and the matrices (X,T) satisfy As-
sumptions (H1) and (H2) and assume that h satisfies Assumption (V2). Fur-
thermore, we assume ¥ satisfies Assumption (H3) and ¥ € Br (g, ) with
U, satisfying Assumption (V1). These assumptions allow us to apply the
result from Theorem 2.3.

Proof. Recall that ,u?K is the mean field ensemble Kalman filter, here initialized
at the same Gaussian p as the true filter. We fix a function ¢ satisfying Assumption
P2 and apply the triangle inequality to deduce that

(2.12) (]E ‘MEK N 1] — uki[qﬁ]f) 1/2 . (E ‘/,LI;K’NW] B Mng]’Q) 1/2

(B [t - 1) )/
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Since p¥ and i are deterministic probability measures, it holds that

o\ 1/2
(& Juiod st ) =101 - 1]

Since ¢ satisfies Assumption P2, it follows that

61— palo)| < sup |uER (] = g lo]] = R - dy (15 )

[#I<Rg (1+]ul?)

We note that Assumption H holds as h is assumed to be affine; since we additionally
assume that U € By (Ug,¢), where g is an affine function, we may apply the result
of Theorem 2.3 to deduce that

(2.13) dg (155, ny) < Ce,

where C'is a constant depending on Mo.max(3+d, a+d,} (H0)s J; Kys Kw, Ky €ny 5, T
The fact that h is assumed to be linear and the additional assumption that
|¥|co.r < Ly < 0o allows us to apply the result of Lemma D.1, so that

<
VN’
where C' is a constant depending on Mys+1 (o), J, Ry, Ly, Ky, Kw, £p, 2,T. In view of
(2.12), combining (2.13) and (2.14) yields the desired result. |

(2.14) (E ]u?K’N[eb] — " [¢] ]2> . <

3. Discussion and future directions. In this paper, we have presented the
first analysis in the setting of a filtering problem defined by nonlinear state space
dynamics, quantifying the error between the empirical measure obtained by the finite
particle discrete time ensemble Kalman filter and the true filtering distribution. The
analysis for the EnKF outlined is based on the proof methodology developed for
particle filters in [26] and developed for the mean field ensemble Kalman filter in [9].
Our work goes beyond [9] by considering finite particle filters and by allowing for
dynamical models and observation operators that are unbounded. The work builds
substantially on the new avenue for analysis of the ensemble Kalman methodology
that was introduced in [9] but leaves open numerous avenues of investigation for
further work; we detail these.

1. As surveyed in [8], the ensemble Kalman filtering methodology may be used
for solving inverse problems and for sampling; it is of interest to extend the
analysis in our paper to the ensemble Kalman based inversion algorithms
outlined in that paper.

2. There is a substantial body of literature that studied the continuous time
limits of ensemble Kalman methods; see [8] for a review. Performing analysis
analogous to that presented here, but in the continuous time setting, would
be of interest.

3. For large scale applications, there has been recent wide interest in replacing
the dynamical model ¥, representing the solution operator obtained via a high
fidelity numerical solver, with a cheap to evaluate surrogate. Multifidelity
ensemble methods [4] allow the use of a small number of particles evolved
according to the high fidelity solver and a large number evolved according to
the surrogate. Extending our error analysis to incorporate the effect of model
error would be of interest in this context.
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4. We highlight that there may be other “near-Gaussian problems” arising in
the small noise or large data volume limits that would be interesting to study
using Bernstein-von-Mises theorems; however, this will require new analysis
that makes observability assumptions and controls behavior of the constants
in the analysis with respect to noise and number of observations.

5. We have derived results in a conditional setting arising from assuming a uni-
form bound on the set of considered observations; removing this assumption
and understanding the probabilistic nature of error bounds with respect to
observational noise would be of interest.

6. Our error estimate comparing the EnKF with the true filter blows up expo-
nentially over time. In the presence of stability assumptions about the true
filter, it is natural to ask whether our results can be extended to the infinite
time horizon.

Appendix A. Auxiliary results. We first state and prove a standard result
that will be used throughout the paper.

LEMMA A.1. Let X be a random vector in R% with finite second moment. Then,
it holds that

(A1) ]E[(X—E[X])(X—E[X])T] =E[XXT] - E[X]E[X]T
and
(A2)  VaeR™, E[(X-a)(X-a)|=E[(X —E[X])(X - E[X])T].
Proof. The statements follow from the following equalities:
T
E[(X - a)(X - )] =E[((X - EIX]) + (B[X] - o)) (X ~ E[X]) + (E[X] — a)) |
—E|(X ~E[X])(X ~E[X))"| + (E[X] - ) (E[X] ~a)". D
LEMMA A.2. Let g(+;m,S) be the Lebesque density of N'(m,S) and ST the set of
symmetric n X n matrices M satisfying
%In <M<=<rl,.

Then, for any n € Nt and 7 > 1, there is L, ; > 0 such that for all parameters
(c1,m1,51) ER X R™ x 8" and (ca,m2,S2) € R x R™ x 8", it holds that

T2
Ihllso < Lo

|1, h(y) = c1g(y;ma, S1) — c2g(y; ma, Sa).

Proof. The lemma as stated may be found in [9, Lemma A.4]|, where a complete
proof is given. 0

LEMMA A.3. Let P and Q denote the operators on probability measures given re-
spectively in (1.7a) and (1.8a). Let Assumptions (H2) to (H5) be satisfied and suppose
that p € P(R) satisfies, for some q >0, the moment bound

(A.3) My = [ ot () <.

Then, there is L= L(Mgy(n), kv, kn,ln, 3, T) >0 such that for all (uy,us,y) € R% x
R% x R% , the probability density of p= QPu satisfies

1 1 1
A4 u1,Yy) — plu,y)| < Llug — us| min ¢ max , , .
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Proof. Throughout this proof, C' denotes a constant whose value is irrelevant in
the context, depends only on M,(u),kw, kp,Cn, 2, T, and may change from line to
line. Sometimes, we write the dependence explicitly to indicate which parameters are
involved.

Step 1. Bounding the density of Pu. We first rewrite

1 2 1+ |u‘q q
e (=l W) T (1 i)t

(1++ [ul?)Ppu(r) = () /

We note that

L+ Jul?
14 |v|2

bl

1
S(E,H‘l/) = sup exp <_|u_\1}(v)22>
(u,v)ERDu xRdu 2

this may be seen observing that

1 2 1 + |U|q
(3 e (—gl-vid) 1

| 2\ (L 20— B(0)]) + 20 B )
< exp (—2|u—\11(v)|2> T+ Joja .

The first term on the right-hand side of (A.5) may be bounded by noting that 1 +
2

2¢=1e=%" 29 is uniformly bounded in x € R; on the other hand, the second term may

be bounded by applying Assumption (H3). Now, using (A.3), we obtain that

C(Z, H‘I’an(,u))
14 |ule

(A.6) Puu) <

Step 2. Establishing Lipschitz continuity of u — Pu(u). Since g(z) := e~ has
2

derivative 2ze~*" and |ze" | < e~z for all z € R, it holds for some & between |al

and |b| that

—a? 7b2 / 7£ 7£
(A7) V¥(a,b)€R xR, ‘e @ e ’:|b—a\|g ©)| <2b—dl (e T te )
Using this inequality with a? = 1|u; — ¥(v)|3 and b? = %|us — ¥(v)[%, the trian-

gle inequality, and equivalence of norms, we deduce that, for all (u1,us,v) € R% x
R x R,

exp (—; us — \If(v);> —exp (—; Jus — \If(v)lé) ‘
< Clug — g (exp (—i |y — \I/(v)@) +exp (—i |2 — ‘I’(U)é))

for constant C' = C(X). Integrating out the v variable with respect to u, we obtain
that

1
Prtun) ~ Puun) < Clus — [ exp (= s = w03 ) uta)
Rdu
1
+Clun =l [ e (~Jlua = )R ) u(av)

Rdu
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The integrals on the right-hand side can be bounded as in the first step, which leads
to the inequality

(A.8)

1 1
V(ug,uz) € R% x R%  |Pu(uy) — Pu(us)| < Clug — us| max , .
() Prtin) - Putua)| < Clun — wafma{ o o |

Step 3. Obtaining a coarse estimate. In view of the elementary inequality (A.7)
and the assumed Lipschitz continuity of h, it holds that, for constant C' = C(T', ¢},),

(A.9) N (h(un),T) () = N ((u2), T) (9)]
< Clu = walexp (=l = Aun)E ) + s — walex (~ 1y~ o) ).
Using the decomposition
plut,y) = pluz,y) = Pu(ur) N (h(u1),T)(y) - PA)L(UQ)N(h(uQ)aF) (v)

= (Pp(ur) = Ppa(uz)) N (h(u1), D) ()
+ Pufuz) (N (h(w), 1) () = N (h(u2),T) (1) ).
and employing (A.6), (A.8), and (A.9), we deduce that
(A.10)

1 1
ui, — p(us, gCU — U9 | Max ;
Ip(u1,y) — p(uz, y)| < Clur — ug| {1+|u1|q 1+Iu2|q}

s fexp (=4l = ) ) oo (o = hw)?) }.

Note that, for the function h(u) = u, the quantity multiplying |u; — us| on the right-
hand side does not tend to 0 along the sequence (ugn), uén),y(”)) = (0,n,n). For our
purposes in this work, we need the finer estimate (A.4); establishing this bound is the
aim of the next two steps.

Step 4. Bounding the density p(u,y). Recall that p(u,y) = Pu(uw)N (h(u),T)(y).
We prove in this step the inequality

1 1
A1l < i — T (>
(A1) p(u,y) Cmm{1+|u|q HW}

or equivalently

sup  p(u,y) max {1+ [ul? 1+ [y[?} < oo.
(u,y)ERIu xR%Y

To this end, note that

p(u,y) max {|ul?, [y|7} = Pu(u) N (h(u),T) (y) max {|ul?, |y}
<Pu(u) N (h(uw),T) (y)|ul? + Pu(u) N (h(u),T) (y)]y|*.

The first term is bounded uniformly by Step 1, estimate (A.6). For the second term,
we use that

(A.12) ly|? <277 [R(w)|* + 297y — h(uw)|”
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to obtain
Pra(u) N (h(w), T) (1)lyl” < CPu(u) N (h(w), T) () (1h(w)]* + |y = h(w)]*).

The first term on the right-hand side is bounded uniformly, again by Step 1, estimate
(A.6), and using Assumption (H4). The second term is also bounded uniformly be-
cause the function z — N(0,T)(z)|z|? is uniformly bounded in z, by a value depending
only on I' and q.

Step 5. Obtaining the estimate (A.4). The claimed inequality is equivalent to

Ip(u1,y) — p(uz,y)|

i uz,y luy — us

max{min{l +lug 91+ Jug|?}, 1+ |y\q} < 00,

where the supremum is over R% x R% x R%. By (A.10), it holds that

u, — plu2, .
sup ‘p( 1y) —p,y)] min {1+ |u1|9, 1+ |uz|?} < oo,
UL u2,y |u1 — ug

S0 it remains to show that

Ui, - uz,
s |p(u1,y) — pluz y)||y|q<oo'

u1,u2,y lur — ug|

By (A.11), it is clear that the supremum is uniformly bounded if restricted to the set
|ur —ug| =1, so it suffices to show that

Ip(u,y) — p(u+6,y)|
sup

(u,8,y)ER4u x B(0,1) xR%v 0]

ly|? < o0,

where B(0,1) is the open ball of radius 1 centered at the origin in R%. We use again
(A.12) in order to bound

p(u,y) —p(u+d,y
1]
Ip(u,y) — p(u+6,)|
|6

The first term is bounded uniformly by (A.10) and the assumption that |h(u)| <
kp(1 4+ |ul). To conclude the proof, it remains to show that

Ip(u,y) — p(u+6,y)|

yQ<O’
7] 1yl

+C |y = h(u)|.

(A.13) sup o [P(wy) — plu+8,y)| "

(u,6,y)ERIu x B(0,1) xRy |5‘

By (A.10), it holds that

— h(u)]? < co.

Ip(u,y) — p(u+6,y)|

el 1 : 1 :
< —Zly— —Zly — .
< g fexp (=gl = hI2 ) coxw (-Gl = hlu+ o)

i 1 )1 :
< poesp (~gly= h + ¢ ) A+ ) ).

In the last line, we used the inequality |a + b|> > $|a|> — [b|?, which follows from
2

Young’s inequality. Since the function x — e~ % 7€ 29 is bounded uniformly in = € R
and by Assumption (H5), the bound (A.13) easily follows, concluding the proof. 0O
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Appendix B. Technical Results for Theorem 2.1. We establish moment
bounds in Appendix B.1, we recall that on Gaussian measures the action of the
conditioning map and the Kalman transport map are equivalent in Appendix B.2,
and we prove stability results in Appendix B.3.

B.1. Moment Bounds.

LEMMA B.1 (Moment Bounds). Let u be a probability measure on R with
bounded first and second order polynomial moments My (p), Ma(p) < co. Given As-
sumptions (H2) and (H3), it holds that

(B.1)  [MP)| <re(l+Mi(n), Y xC(Pu) xS+ 265 (14 Ma(p)1la

Proof. The proof of this lemma follows the steps of the proof of [9, Lemma B.1];
however, here, different bounds reflecting the assumptions on ¥ and h in this paper
are required. Using the definition of P in (1.7a), it holds that

_ _ 1 1 9
M(Pu) —/Rd“ wPpu(u) du_(27r)dudetE/Rdu/RduueXp(_2 lu — \Il(v)|2) p(dv) du

- [ v u)

where application of Fubini’s theorem yields the last equality. The first inequality in
(B.1) then follows from Assumption (H3). Obtaining the lower bound of the second
inequality in (B.1) may be done identically to the proof of [9, Lemma B.1]. We
turn our attention to obtaining the upper bound. Using Lemma A.1 and noting that
ww! < (wTw)ly, for any vector w € R% by the Cauchy—Schwarz inequality, we deduce
that

(B.2) C(Pp) #/ u®uPp(u)du
Rdu
1 1 ,
B W/R /R ey (‘2 fu = %)Iz) pu(dv) du
= /R (T(v) @ ¥(v) + %) u(dv)
ST+ (/R I\I/(v)l2u(dv)> Io, < 24263 (1+ Mo(u)) I

which yields the desired result. O

LEMMA B.2. Let u be a probability measure on R%* with bounded first and second
order polynomial moments My (u), Ma(p) < co. Given Assumptions (H2) to (H4), it
holds that

(B.3a) |./\/lu QP,LL ’ /Qq;(1+M1 )

(B.3b) |MY(QPp)| < 2<1+tr(2) +2%(1+M2(u))).
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Furthermore, it holds that

(B.4a)
463 (1 + Mo (w))Ia, + 25 Od,, xd,
C(QPpu) < ( 0d, xd. 463 (1 +tr(2) + 263, (1 + Mz (p))) La, +T)°
(B.4b)
- min{20,7 +4rK3 (1 +tr(X) + 263, (1 + MQ(M))) }

C(QPu) =
29+ 853 (1+ t2(3) + 263, (1 + Mo (n)) )

do+dy -

Proof. The inequalities (B.3a) and (B.3b) follow from the assumptions and the
fact that

(B.5) M(QPp) = (A;S[Dhl]t)) .

Indeed, from Lemma B.1, we know that M (Pu)| < sy (1 + Mi(p)), which leads by
Jensen’s inequality to (B.3a). To deduce (B.3b), we note that

u

2 u 2 U
Pulblf* < [ | )Pt

(B.6a) <2m3 + 2/&,21/ |u|? Ppa(du)
Rdu

(B.6Db) =2x} + 2,%,21/ (|\II(U)|2 + tr(Z)) p(dv),
Ru

where (B.6a) follows by applying Assumption (H4) and Young’s inequality, and (B.6b)
follows by applying the properties of the Gaussian transition density. The result then
follows by applying Assumption (H3).

To obtain the covariance bounds, we proceed using analogous steps to the proof
of [9, Lemma B.2|; however, here, different bounds reflecting the assumptions on ¥
and h in this paper are required. We begin by establishing inequality (B.4a). To this
end, letting ¢: R% — R4y define the map ¢(u) = (u, h(u)), it holds that

o 0 w Xy 0 wXdy | _ Cuu(¢ﬁp,u) Cuy(qﬁﬁPlu)
(B'7) C(QPU) *C(Qbﬁpﬂ) + (Ozyxzu dF ¢ > - <Cyu(¢ﬁp’u) ny((bﬁpﬂ) +I‘) :

As shown in the proof of [9, Lemma B.2] we have, for all (a,b) € R% x R,

a a aa’  Og,xd
() ()= (o, ")

from which we establish, using Lemmas A.1 and B.1 and Assumptions (H2) to (H4),
that

(B.8)

o< [ (o) ® (1) Put
LA i

<9 <E+2/€%(1+M2(M))Idu Oduxdy >
B Odyxdu 2/‘{}% (1 + tI'(E) + 2/4??1, (1 + MZ(N)))Idy ’
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where we applied (B.2) and the calculation resulting in (B.6a) in the last inequality.
Noting this inequality in combination with (B.7) yields the upper bound (B.4a). We
now show that

mo (5) e (5) > a-ala+ (- (1) pulie))

in order to establish the lower bound (B.4b). The argument is similar to that in
[9, Lemma B.2] but is explicit in certain constants whose dependencies on moments
need to be controlled in this paper. We first note that for any = € P(R% x R ) and
all (a,b) € R% x R it holds that

laTC™ (m)b| = /

Rdu xR%
< \/aTC““(ﬂ)a \/bTny(ﬂ)b

by the Cauchy—Schwarz inequality. Hence, we deduce that for all € € (0,1) and for all
(a,b) € R% x R,

(aT (u— M“(W))) (bT (y— My(w))>7r(dudy)

-
(3) c@Pu (3) > - amcopma— (1 - 1) 5Temopup
1
>(1—¢)a'Ya— <E - 1) Pullhl?],
where we applied Young’s inequality for the bound in the first line and (B.1) and

the bound C¥¥(¢y4Pp) < Ppu[|h|*] 14, for the bound in the second line. We then apply
(B.7) to find

(Z)TC(QPM) (Z) >(1—e)a'La— (i - 1) Pul[Al*] +0TTh
>(1—¢)ola] + (7 — (i - 1) Pu[|h|2]> b2,

2
%;%’ so that the coefficient of the [b* term is Z, we obtain

a\' a o 2 Y2
i) (3) eapn (§) > Z i+ 3o

. o v 2 2
>mm{v+2pu[lhl2] 2 } (laf? + 1)

Since this is true for any (a,b) € R% x R, it follows that

Choosing ¢ =

min {20, + 2Ppu|[|r[?] }
27+ 4Ppu||h|?]

C(QPu) =~ dy+dy-
In order to deduce (B.4b), we use (B.6b) to find that
Pul|h]?] < 2r2 (1 +tr(S) + 263 (1+ MQ(M))),

from which we conclude the desired result. O
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LEMMA B.3 (Moment Bound for the True Filtering Distribution). Let ¢ > 2
be an integer. Assume that the probability measures (i;);efo, s are obtained from
the dynamical system (1.9) initialized at the probability measure g € P(R%) with
bounded gth order polynomial moment My(po) < co. If Assumptions (H1) to (H4)
hold, then there exists C = C(Mg(po),J, by, kw, kn, 2,T") such that

max M, (y;) <C.

j€[0,J]

Proof. We have pj11 =B;QPu;, for j € [0, J—1]. Equivalently, using the notation
from (1.6), it holds that p;+1 =L;Pp; for each j € [0,J — 1]. Hence, we note that

1 2
exp (= 3ludr —h}) P
1 + 2 '
exp (=3 y}er = RO ) Py (U) AU
Rdu

It is readily observed that

(B.11) i1 =

1 2
/Rd |u|? exp <—2’y;[+1 — h(u)’P> P (uw)du
1 2
e (=gl - n@)) Pusce v
Rdu
/ |ul? P (u)du
dy
1 + 2 '
exp f§|yj+1 - h(U)|F Pu; (U)dU
Rdu

We first bound from above the numerator of (B.12); indeed, note that

[ oeutdu= [ gt ([ e (< 5hu- w2 ) wtan) ) au
(B.13a) = /R </R |u|? exp (; u — \Il(v)|22) du) 11 (dv)

(B.13b) <C - (14 [T (0)|7) 5 (dv)

(B.13c) <0(1+Mq(uj)),

(B.12) Mg(pje1) =

<

where (B.13a) follows from Fubini’s theorem, the inequality (B.13b) from properties
of Gaussians and Assumption (H2), and (B.13c) from application of Assumption (H3).
We note that in (B.13c), the constant C' depends on kg, Y. Now, to obtain a lower
bound on the denominator of (B.12), we observe that

(B.14)

/Rdu exp (—;\yj.ﬂ —h(u)\i) Pyt () du > exp (-i/ ey — h(w) | Pas () du)
Cexp (—HF [ e d )

> C’exp(—élnh/@q, HI‘%H My ,Uj)),
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where the first inequality follows by application of Jensen’s inequality, and (B.14)
follows from the calculation leading to (B.6b). We note that the C in (B.14) is a
constant depending on Ky, kv, kp, 25, I'. Therefore, by combining (B.14) with (B.13c),
it is possible to deduce from (B.12) that

(BI5)  My(uin) < Cexp(4rind [T Maly)) (14 Mo(s) )
where C' is a constant depending on Ky, Ky, Ky, 2, T 0
Remark B.4.

e In some situations, the bound (B.15) is overly pessimistic. For example, if h
satisfies Assumption (H4) as well as the inequality |h(u) — y}+1| >co(Jul —1)
for all u € R4« for some positive c;, then by [17, Proposition A.3] for all ¢ > 0,
there is C' = C(c¢, q) such that

(B.16) VuePRY),  Lin[lult] <Cu[lul?].

In this setting, better control of the moments can be achieved than in (B.15).

e In the absence of any additional assumption on h beyond Assumption (H4),
there may not exist a finite constant C' > 0 such that the bound (B.16) holds
for an arbitrary probability measure u. To illustrate this, consider the case
where d, =2, dy=1,T"= %, y]T_H =0, and

%0 + 80 )
h(u) =uq, u:<u1)’ R = R (11%%)4_1(0, R)7 l”R:eRT.

Then, as R — oo, prl|ul?] ~ R%, while

L [lum _ Jgo (ud +u3) exp (—2uf) pr(duidus)
Jrz exp (—2u3) pr(durdus)
x% e 2R R2 4 ﬂc% 9 R2
= T ~zh=e

Thus, it holds that

ot
R—o0 HR[|U|2}

which shows that (B.16) fails to hold in this case.

LEMMA B.5 (Moment Bound for the Approximate Filtering Distribution). Let
q = 2 be an integer. Assume that the probability measures (M?K)je{[o,.l]] are obtained
from the dynamical system (2.4) initialized at the probability measure uS*< € P(R)
with bounded qth polynomial order moment M, (;LSDK) < oo. If Assumptions (H1)
to (H4) hold, then there exists C = C(My(u™), J, ky, kw, kn, S, T') such that

EK
o M) <C
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Proof. We begin by noting that u?fl = TjQPquK, for j €[0,J —1]. Thus,

(B.17)
M) = [ 1T, QP

Ad'u xR%y
/]Rdu xRy

<C |u|? QP (u, ) dy du

Reu x Ry
2
+0(1+ Mo (u89)) (1+/
R

where in (B.17), the constant C' depends on ky, Ky, £, 2, I’ and where the dependence
on the second moment of M?K in the second term is derived from (B.4a) and (B.4b).
By using the definitions of Q and P and by applying reasoning analogous to (B.13c),
we deduce that

q
9(u,y;QPuJEK,y}+1)‘ QP (u,y) dy du

q
u+C“y(QPM?K)CW(QPﬁK)‘1(y}H—y)‘ QPuE™ (u,y) dy du

ly|9 QP (u, y) dydu) ,

dy xRy

2q
My (115) <O (14 Mo () 7 (14 M (155) ),
<o+ M, ()"

J
where C is a constant depending on ky,Kw,kn, 2,1 Iteration gives the desired
result. 0

LEMMA B.6. Let 1, ug € P(R™) have finite second moments. Then, the following
bounds hold:

’M(Ml) —M(M2)‘ < odg(pr, pi2),

1
;
€)= COml < 1+ 5MGm) + MG ) g, )

Proof. The lemma as stated may be found in [9, Lemma B.4], where a complete
proof is given. O

B.2. Action of T; on Gaussians.

LEMMA B.7 (B;G=T;G). Fiz y;H €R% and let ™ be a Gaussian measure over
R% xR%. Then, the probability measure B;m, with B, defined in (1.8b) is equivalent
to the probability measure Tjm= Ao, o;m,yj  )y7, where T is defined in (2.3b).

Proof. The lemma as stated may be found in [9, Lemma B.5], where a complete
proof is given. ]

B.3. Stability Results.

LEMMA B.8 (Map P is Lischitz). Suppose that 3 and ¥ satisfy Assumptions (H2)
and (H3), respectively. Then, it holds that

W v) €PR™) x PR™),  dy(Pps,Py) < (14265 +1x(%) ) dy(1,0).
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Proof. By definition of P, it holds that

exp (4 u—w(o)})
(27)du det X2

Pu(du) = /Rdu p(v,du) p(dv), where p(v,du) :=

Let g(u) =1+ |ul?, as in Definition 1.1, and take any function f: R% — R such that
|| < g. Assumption (H3) implies that

(u) p(v, du)

< / g(u) p(v, du) = 1+ [B(0) > + tr(%)
Rdu

<142k + 262 |02 +tr(2) < (1 +2K3, + tr(E))g(v)-

Rdu

By Fubini’s theorem, it follows that

utsl=puts| =| [ ([ rnto.a) (uta) - wia)
= (1+ 263 + 00())|alg] — vlg]| < (1+ 265 + 06(2) ) dy (1,),
thus concluding the proof. ]

LeEmMA B.9 (Map Q is Lipschitz). Suppose that T’ and h satisfy Assumptions (H2)
and (H4), respectively. Then it holds that

(B.18)  V(u,v) € P(RY™) x P(R%™),  dy(Qu,Qr) < (1 + 2K% +tr(r))dg(u,u).

Proof. Take f: R% x R% — R satisfying | f| < g, where g(u,v) = 1+ |u|? + |y|%.
By Fubini’s theorem, it holds that

Qulf| = Qrls)= [ ) () = viaw).
where TIf (u) := » f(u,y) N (h(u),T)(dy).

The function ITf: R% — R satisfies
vueR™, ] < [ ||| N (). T) )
< [, O+ ) (). ) ()
=1 Jul? + [h(@)]” + () < (14263 + (D)) (14 Juf?).
Therefore, we deduce that
|Qulf] = Quif]| < (1+ 263 + (D) ) dy (1, ),

which concludes the proof. ]

LEMMA B.10 (Stability of Map B;). Suppose that Assumptions (H1) to (H4) are
satisfied. Then, for any probability measure p € P(R%) with Ma(u) < oo, there exists
a constant Cg = Cpg (MQ(/,L),KZy,KZ\p,Hh,Z,F) >0 such that

Viel0,J],  dg(B;GQPw,B;QPu) < Cady(GQPL, QPp).
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Proof. The proof of this lemma follows the steps of the proof of [9, Lemma B.9];
however, each step requires different bounds reflecting the assumptions on ¥ and h
in this paper. For ease of exposition, we write y' = y;r 4+1- We define the y-marginal
densities

a,(y) = y GQPu(u,y)du, Bu(y) == » QPu(u,y)du.

By definition of By, it holds that

i i
GQPu(u.y") — QPu(uyh)| .
Rdu

n(y7) Bu(y")
< au(lyT) /Rdu (1 +[u*) |GQPu(u,y") — QPu(u, y")| du
') = Buy’)
o (y")Bu(y’)

Step 1: bounding v, (y") and B, (y') from below. The distribution ay,(+) is Gauss-
ian with mean MY (QPy) and covariance

(B.19) d,(B,6QPu.B,QPu) = [ (L+[uf’)

’/ (1+ [ul?) QPu(u, y") du.
Rdu

(B.20) CY(QPu) =T 4+ Puh® h] — Pu[h] @ Pu[h].

Clearly, C¥(QPu) = T'. Furthermore, it holds that C¥(QPu) < T+ 2/{%(1 +tr(X) +
2k3, (14+Ma(p)))1a, by (B.8). Therefore, noting that (B.3b) implies that | MY (QPp)|
< C for a constant C' depending only on the parameters Mo (), £p, kv, 2, we obtain

1
\/(2m) % det(Cvw (QPy)

X exp (—é (v = M(QPw)) " € (QP) " (y — M%qu)))
exp (=5 (lyl +C)* [T )
@) den (T + 262 (1+ () + 263 (1+ Ma(u))) L, )

(B.21) auy) =

=

The function 3, can be bounded from below using similar reasoning. Indeed, by
Assumptions (H2) to (H4), we have that for all y € R,

exp (=3 (u = ) Ty~ h(w))
5u) = [, QPu(u.y)du= /R R

! o <_ o= f? - ”Ffl””i/m 2+ [u]?) Ppa(u) du)

/@m) % det(T)
(B.22b) > Cexp(— [T |Z/|2)7

Pu(u) du

(B.22a) >

where we applied Jensen’s inequality in (B.22a), and the constant in (B.22b) depends
on Ma(p), Ky, kp, 2, L.

Step 2: bounding the first term in (B.19). First note that, for fixed u € R,
the functions QPpu(u, ) and GQPu(u,+) are Gaussians up to constant factors, with
covariance matrices given respectively by I' and

(B.23) CY¥(QPp) — C¥(QPp)C*"(QPu)~'C*(QPp),
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where we have used the formula for the covariance of the conditional distribution of
a Gaussian. We note that CY*(QPu)C*“(QPu)~1C*"(QPpu) is positive semidefinite;
hence, by (B.20) and its upper bound, it follows that the matrix (B.23) is bounded
from above by 2x7 (1 + tr(2) 4 2k% (1 + Ma(p)))Ia, + . As shown in the proof of
[9, Lemma B.9], the matrix (B.23) is bounded from below by I" (see [9, (B.20)]). It
follows from using Lemma A.2 in Appendix A, with parameter 7 =7(Ma(p), kp, Kv,
3, T), that

(B.24) / (1+ [uf?) IGQPA(u, y) — QPu(u,y)| du < Cdy(GQPu, QPp),
Ru
where C is a constant depending on Ms(p), kp, kv, 2, I. We refer to [9, (B.21)] for

the detailed steps used to establish this bound.
Step 3: bounding the second term in (B.19). In view of (B.24), it holds that

| (y) = Bu(y)| < /R (1+ [ul?) |GQPu(u, y) — QPpu(u, y)| du < Cdy(GQPp, QP ).

Now, since QPp(u,*)/Pu(u) defines a Gaussian density which has covariance I' and
is bounded uniformly from above by ((27)% det(F))_l/ ? we also have that

) (1 + |u|2) Pu(u) = 1+ tr(C(P,u)) + |M(Pu)\2
/Rdu (1+ [u]?) QPu(u,y) du < /}Rdu @)% 4ot 1) du= Tt dot (D) .

By the moment bounds in Lemma B.1, the right-hand side is bounded from above by
a constant which depends on Ms(p), Ky, 2.

Step 4: concluding the proof. Putting together the above bounds, we conclude
that

d,(B;GQPu, B;QPp) < C(Mo(p), fu, fin, % 1) (1 ; (1
o

au(y;-u)
Applying the inequalities (B.21) and (B.22b) yields the desired result. d
LEMMA B.11 (Stability of Map T;). Suppose that Assumption H is satisfied.
Then, for all R > 1, it holds that for any m € Pr(R% x R%) and p € {QPpu :
p € P(R%) and Mo max(3+d, 4+d,} (1) < 00} C P(R% x R%), there is Lt := L7(R,
M2~max{3+du74+dy}(;u)7Hyv”‘lla’ghagh,27r); such that
Viel,J],  dy(T;m, T;p) < Lvdg(m,p).

) dy(GQP, QPp).

Yi+1

Proof. By the results of Lemma B.2, it holds that QPp € Py (R% x R%) for some
R(Ma(p), kw, kn,2,T') > 1. Using analogous notation to the one found in the proof
of [9, Lemma B.10] we define

r :maX{R, E, I{y}.

Letting K =C(m), S=C(p) and y' = y;H, we also define the affine maps ™ and JP
corresponding to the use of covariance information at the probability measures 7 and
p=QPpu,

yﬂ'(uvy):u_FAﬂ'(yT_y)a ATr ::KuyK_l

vy’

yp(u7y) =u+ AP(yT - y)? Ap = STLyS;yl-
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By a straightforward application of the triangle inequality, it holds that
(B.25) 4y (T 7. Tp) <dy( T, TFp) + dy( T, TT).

In the following steps, we will separately bound the two terms on the right-hand side
of (B.25). Before proceeding, we outline two auxiliary bounds that will be used in
the rest of the proof. These bounds are identical to the ones found in the proof of
[9, Lemma B.10]; we include statements here for expository purposes. Noting that
the operator 2-norm of any submatrix is bounded from above by the operator 2-norm
of the full matrix, and we observe (see [9, (B.23)]) that

(B.26) A= < g Ny [ < KB <,

Note that the above bound similarly holds for 4,. Using (B.26) and assuming without
loss of generality that r > 1, we deduce (see [9, (B.24)]) that

(B.27) [Ar — Apll < 1(Kuy — Suy) Ky | + [[Suy (K, — Sy, )
< 2r6||K -9 < 27“6(1 +2r)dy(m,p),

where the second inequality follows again from fact that the 2-norm of any submatrix
is bounded from above by the 2-norm of the full matrix, while the last inequality
follows from the result in Lemma B.6.

Bounding the first term in (B.25). With an identical argument to the one used
in the proof of [9, Lemma B.10], we have that

(B.28) dg(TTm, TTp) <3 (L+70) 1% dy(m,p).
Bounding the second term in (B.25). Let f again satisfy |f| <g. We note that
| 756101 = ZElf)| = |plf 0 77 = plf 0 77| = |plf 0 77 = f o 77]].
The last term may be expressed as
(B.29) ’p[f 0T — fo 7]
Lo (Gt el =) = £ 4,07 = 0)) sl duct
_ /R [ (ot Ar2) = flut 4y2)) plusy’ — =) duds

:/ / f(v)(p(v—Aﬂz,yJr —2)—pv—Apz,yf —z)) dvdz,
R JRdu

where we used a change of variables in the second equality. Since M. max{3+d, a+d,} (1)
< 0o by assumption, it follows from Lemma A.3 and from the inequality min{a,b} <
Vav/b that there is a constant C' so that

p(v—Azz,yt —2) —p(v— Apz,y — 2)

1 1
< — .
<ClArz—A,z| max{1+|v—A,rz|ma"{3+du*4+dy}’ 1+|U_Apz|max{3+du,4+dy}}

1
x 14+ |y‘[' _ Z|max{3+du,4+dy} :

© 2026 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 03/18/26 to 172.56.126.171 . Redistribution subject to CCBY license

ACCURACY OF THE ENKF IN THE NEAR-LINEAR SETTING 419

We apply this inequality to bound for fixed z € R% the inner integral in (B.29).
Considering only the terms that depend on v gives

(B.30)

1 1
/Rdu [/ (v)] max { 1+ v — Apz[max{3+dudtd,}’ | 4 |y — A z|max{3+du.d+dy} } dv

[f ()l / |f(v)]
< dv + d
/]Rdu 1 + "U — sz|max{3+d,l,74+dy} v Rdu 1 + |’U — Ap2|max{3+du74+dy} v

- 1+ |v]? o + 1+ |v|? Qo
S iu 1+ "U . Aﬂ_z|max{3+du74+dy} Rl 1+ |’U _ Apz|max{3+du,4+dy}

1+ w4+ Arz|? 1+ jw+ Apz|?
< dw + w,
Raw 14 |w|max{3+du,a+dy} Raw 1+ [w|max{3+du,dtd,}

where we used that |f(v)| <1+ |v]?, as well as a change of variable in the last line.
It follows that the integral in (B.30) is bounded from above by

C(l + |Aqz? + |Apz|2> <Or® (1+|27),

where the inequality follows from (B.26). Finally, the resulting integral in the z
variable can be bounded analogously, which gives

dy(TTp, TEp) < Cr* Gl
g ﬁpv ﬁp X Ry 1_|_|yT _Z|max{3+du,4+dy}

<O Ar = Ap|| < Cr'¥dy(m, p),

|Arz — Apz|dz

where the last inequality follows from (B.27). Combining (B.28) and (B.31) yields
the desired result. |

Appendix C. Technical Results for Approximation Result in Propo-
sition 2.2. In Lemma C.1, we recall the local Lipschitz continuity result for the
operator G established in [9]. Lemma C.3 establishes that the filtering distribution
is a locally Lipschitz function of (¥,h), viewed as a mapping from Banach space
equipped with the || - ||oo norm into the space of probability measures meterized using
the dg distance. This is preceded by Lemma C.2, which establishes bounds used to
prove this Lipschitz property. The two lemmas do not require ¥y and hg to be affine
but simply require that they both satisfy Assumptions (H3) and (H4). This is in
contrast with the more specific setting of Proposition 2.2, which imposes an affine
assumption on (Pg, k).

LeEmMMA C.1. For all R > 1, there exists Lg = Lg(R,n) so that for any p1,pus €
Pr(R™), it holds that

dg(Glj/la GN’Q) < LG(R7 TL) : dg(MhMQ)-

Proof. The lemma as stated may be found in [9, Lemma B.12], where a complete
proof is given. ]

LEMMA C.2. Suppose that the matrices (3,T) satisfy Assumption (H2). Fiz ky, kp,
>0 and assume that Ug: R% — R% and hg: R% — R% are functions satisfying As-
sumptions (H3) and (H4). Then, the following statements hold.

e There is a constant C, = Cp(kw, X) such that for alle € [0,1] and all (¥,h) €
B ((lIJOv h0)75)7

(C.1) Ve PR™),  dy(Pop,Pu) < Cpe - (14 Ma(p)).
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e There is a constant Cy = Cy(kp,T") such that for all € €[0,1] and all (¥,h) €
BLM((\POahO)vg):

(C.2) Ve PRY),  dy(Qo, Qu) < Cye - (1+ Ma(w)).

e There is Cy = Cy(kp,T) such that for all yt € R%, all e € [0,1], all (¥,h) €
Br((Vg,ho),e), and all probability measures (pig, jt) € P(R%) x P(R%),

(C.3) dg(B(Qouo;yT), B(Qu,yT)) <exp(CpR) (e + dg(po, )),
where R € [1,00] is given by
R:maX{|yT|2,1 +M2(uo),1+Mz(u)}~

Here, Py and Qq denote the maps associated with (Ug, hg), and P and Q are the maps
associated with (U, h).

Proof. Throughout this proof, C, denotes a constant depending only on (kg, ),
and Cy is a constant that depends only on (k,I"). Both may change from line to line.
Proof of (C.1). Tt holds that

Pou(u) — Pu(u) = C, /Rd exp <—;|u Wo(v y2> —exp <—;|u— \Il(v)|22) p(dv).

By the elementary inequality (A.7), the integrand on the right-hand side is bounded
in absolute value by

2| Wy (v) — W(v)] (exp (—i|u - \1/0(@)@) +exp (—i}u - \I:(U)@)) .

By Young’s inequality, it holds that |a + b|? > %|a|2 — |b|%, and so this is bounded by

1 1
4| (v) — U (v)] (exp <—8’u — \I/()(z))|2E + Z‘\Ilo(v) — \Il(v)@))
<C Lu = wo)?
< Cpeexp —g‘u— O(U)‘E .
It follows, by Fubini’s theorem, that
dg(Pop,Pp) < Cpe / (14 |ul )exp (—‘u—‘l’o ‘ )duu (dv)

Reu JRdu

<Cpe/ (1+|x110( |) (dv)<C€1+/€q,/ (1+[0f?) p(dv).
Ru d

u

This concludes the proof of (C.1).
Proof of (C.2). Recall that

dg(Qop, Qu) = /Rdu /Rd g(u,y (exp (}y ho(u)| )
—exp <;|y - h(ﬂ)ﬁ) > dy p(du),
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where g(u,y) =1+ |u|? + |v]?. Using the same reasoning as above, we obtain that

(C.4)

exp<|y ho(u {F>exp<!y h( )|>‘<C€exp<|y ho(u lr>

Therefore, we deduce that

Qo Q@) < e [ (1 [hofw) ) ) < Coe (142 [ (14 uf?) (),

u

which proves (C.2).
Proof of (C.3). We assume for simplicity that po and p have densities, but note
that this is not required. Let vy =B(Qouo;y") and v =B(Qu,y') and recall that

exp (—%|yT - ho(u)|12“) o (w) o fo(u) _ fo(w)

VO(U)fRduexp<—§!yT_ho(U)|§>uo(U)dU e U 2o

and similarly

) = exp (—% |yt — h(u)‘i) (w) _. f(w) _ Jolu)
Jpa. exp (—%!y* - h(U)|§) pO)du  Jra fFO)AU T Z
Note that
dgy(vo, )Z/Rdu(l—&-\ |) (u) @du

7/ (14 Juf? \fo (u>\du+‘zlo—;’/Rdu(1+u|2)f0(u)du
In order to bound the first term, we write
ot = )= (30 (= 5ls" = now[7) = exp (=3l w7 ) ) ol
woxp (=3 lo" = )} ) (nolw - ).
Using (C.4), we obtain that
©6)  1h - 1] < Cuee (~H - rat@]? ) i
+oxp (= 3ls" = b} ) Jro(w) = utu)

b

and so
/d (L+u?)| fo(u) — f(u)|du < CueR + dg (o, 1)
Rdu
Therefore it holds that

|ZO Z|
d <R +— )+ = d
9(”071/)\ ( 7 ZOZ Z (MOa )
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By (C.6), it holds that

Z0=21< [ | 15o(0) = )4V < Cye +dy o).

and so we obtain finally

1

1
o) <R (5 + 7 ) (ot dyluon i)

Furthermore, Z; is bounded from below because, by Jensen’s inequality,
1 2
Zy :/ exp (—2|yT - ho(U)IF) po(U) dU
Réu
1 § 2
>exp (=5 [y = ho(U)ppo(@) U
Rau

> exp (‘y”i — Cyk} /Rd (1+ [ul?®) po(U) dU) =exp (—C,R).

The same bound holds for Z, and so we obtain the result. 0

LemMA C.3. Suppose that the data YT = {y;}‘f:l and the matrices (X,T) sat-
isfy Assumptions (H1) and (H2). Fiz kg,kn > 0 and assume that Wo: R — Ru
and ho: R%™ — R are functions satisfying Assumptions (H3) and (H4), respec-
tively. Let (ug)je[[LJH and (p15)jeq1,57 denote the true filtering distributions associated
with functions (Wo,hg) and (¥, h), respectively, initialized at the same Gaussian
probability measure g = N(mo,Co) € G(R¥™). For all J € Z*, there is C =
C(mo, Co, ky, Kw, kn, 2,1, J) >0 such that for all e € [0,1] and all (¥, h) € Bre((¥o,
ho),€), it holds that
(€7 [ dy (15, 1) < Ce.

Proof. By Lemma B.3, the filtering distributions have bounded second moments.
Let

R= max <y§+1

j€l0,J-1]

2
L1+ Mo (i), 1+M2(uj)).

Throughout this proof, C denotes a constant whose value is irrelevant in the context,
depends only on the constants mg, Co, ky, Kw, £n, 2, T,k (but neither on €, nor on ¥
and h), and may change from line to line.

The statement is obviously true for J = 0. Reasoning by induction, we assume
that the statement is true up to J =k and show that there is C' > 0 such that

Ve e [Oal]v V(\I/,h) € Br~ ((\I’(),h()),s), dg(/i2+1,uk+1) < Ce.

To this end, let Py and Qg denote the maps associated with (U, ho), fix € € [0, 1], and
fix (U,h) € Bro((¥o,ho),e). Using (C.3), then the triangle inequality, and finally
(C.1) and Lemma B.8, we have that

dg(pps1> k1) = dg (BrQoPopg, B QPug)
<R (E + dg(Poug, P,uk))
<R (e 4+ dy (Pouf, Puf) + dy (Puf, Pur) )
<eR (5 +CeR+ Cdg(u27uk)).

Using the induction hypothesis gives us the desired bound. 0
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Appendix D. Technical Result for Theorem 2.4. In [24], machinery is
established to prove Monte Carlo error estimates between the finite particle ensemble
Kalman filter and its mean field limit. We use such results as a component in proving
Theorem 2.4 and, in so doing, explicit dependence on moments must be tracked.
In this section, we give a self-contained proof of [24, Theorem 5.2], following the
analysis closely? and, in addition, tracking dependence on moments; this moment
dependence may be useful in the context of future work generalizing what we do in this
paper. This leads to the following error estimate stating the desired Monte Carlo error
estimate.

LEMMA D.1. Assume that the probability measures (M?K)jeﬂo,.l]] and
(N?K’N)je[[o J] are obtained, respectively, from the dynamical systems (2.4) and (2.6),
initialized at the Gausszan probability measure pS® € G(R:) and at the empirical

measure MOEK N = =~ Zz 1 u( o for u(()) ~ p&% i.d.d. samples. That is,

iy =T,;QPul™, fle— 25 X
=1
where u@_l evolve according to the iteration in (2.5). Suppose that the data Y1 =
{yT} _1 and the matrices (X,T) satisfy Assumptions (H1) and (H2). We assume that
the vector field U satisfies Assumption (H3) and that h is a linear transformation, i.e.,
that Assumption (V2) is satisfied and hence also Assumption (H4). Furthermore, if
the vector field ¥ additionally satisfies |V|goa1 < by < 00, then for all ¢ satisfying As-
sumption P1, there exists a constant C = C(My(u®), J, Ry, Ly, S, Ky, kw, ki, by, 2, T),
where q:=max{47*! 4¢,2(c + 1)} such that

1
EK, N Exroal2) 2 C
(E 15 0] — g ) <2
Proof. To prove the proposition, we apply the coupling argument used in [24]. Us-
ing similar notation to the one in [24], to the interacting N-particle system {ugl) }5:1
evolving according to the ensemble Kalman dynamics (2.5), we couple N copies of the
mean field dynamics {u JJ N_| evolving according to the mean field ensemble Kalman
dynamics (2.1). The mean ﬁeld replicas are synchronously coupled to the interacting
particle syst