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Abstract

Neural operator architectures approximate operators between infinite-dimensional
Banach spaces of functions. They are gaining increased attention in computational
science and engineering, due to their potential both to accelerate traditional numer-
ical methods and to enable data-driven discovery. However, basic questions about
minimal requirements for universal approximation remain open. It is clear that any
general approximation of operators must be both nonlocal and nonlinear. In this paper
we describe how these two attributes may be combined in a simple way to deduce
universal approximation. In so doing we unify the analysis of a wide range of neu-
ral operator architectures. A popular variant of neural operators is the Fourier neural
operator (FNO). Previous universality theorems for FNO rely on intuition from spec-
tral methods and require an unbounded number of Fourier modes. The present work
challenges this point of view: (i) the work reduces FNO to its core essence, result-
ing in a minimal architecture termed the “averaging neural operator” (ANO); and (ii)
analysis of the ANO shows that even this minimal ANO architecture benefits from
universal approximation. This result is obtained based on only a spatial average as its
only nonlocal ingredient. This corresponds to retaining only a single Fourier mode
in the special case of the FNO, taking the analysis far from that of spectral meth-
ods. In addition to our discussion of universality, we present numerical results which
give empirical insight into complexity issues related to the roles of channel width
(embedding dimension) and number of Fourier modes.
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Constructive Approximation

1 Introduction
1.1 Motivation and Literature Review

Neural networks [18] are receiving growing interest in computational science and
engineering. In many applications of interest in the sciences, the task at hand is to
approximate an underlying operator, which defines a mapping between two infinite-
dimensional Banach spaces of functions. New neural network-based frameworks,
termed neural operators [1, 3, 27, 38], generalize neural networks to this infinite-
dimensional setting, with the aim of learning such operators from data. They have the
potential to accelerate traditional numerical methods when a mathematical descrip-
tion, often in the form of a partial differential equation, is known. When no model is
available, this data-driven methodology has the potential to discover the underlying
input-output map.

Several neural operator architectures have been proposed in recent years. The first
neural operator architecture (i) appeared in [9] and was subsequently generalized by
adding depth to the underlying networks (DeepONet) [38]; further extensions include
[24,29,42,48]. DeepONets have been successfully deployed in a variety of application
areas [6, 15, 39, 53]. Concurrently with DeepONet a number of other approaches to
operator learning have also been developed and successfully deployed including: (ii)
methods which combine ideas from principal component analysis with neural networks
(PCA-Net) [3, 21]; (iii) operator learning based on random features, which may be
viewed as Monte Carlo approximation of kernel methods, as introduced in [41]; and
(iv) the wide class of neural operators introduced in [1, 27]. The class of methods (iv)
defines neural operators in analogy with conventional neural networks, but appends
the weight matrices in the hidden layers with additional linear integral operators acting
on the input function. Special cases of this framework include graph neural operators
[1, 34] and the Fourier neural operator (FNO) [33]. The FNO in particular has received
considerable interest due to its state-of-the-art performance on many tasks. The FNO,
and extensions thereof, remains a very active research direction: see, for example, [5,
31, 36, 45, 51, 52]. We also mention the closely related convolutional neural operator
of [47] and a related Fourier-based approach in [43, 44]. The reliance on a Fourier
basis limits the basic form of the FNO to periodic geometries although, in that setting,
use of the fast Fourier transform (FFT) allows for efficient computations with total
number of Fourier components limited only by the grid resolution. There is a set
of papers which seek to address the restriction to periodic geometry by replacing
the FFT with a wavelet [50] or multi-wavelet [19] transform; in this context, we also
mention Laplace neural operators [7], which extends the FNO by replacing the Fourier
transform/inversion step with a Laplace transform/inversion step. Another extension
of FNO, so-called Neural Operator on Riemannian Manifolds (NORM) [8], generalize
the FNO to use arbitrary orthogonal eigenfunctions of the Laplace-Beltrami operator
on any given spatial domain. Another approach to extending the scope of the FFT is
to learn transformations of arbitrary domains into unit cubes, suitable for application
of the FFT [31]. Most closely related to the approach proposed in the present paper is
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the low rank neural operator [27, Sect. 4.2] which, however, has a more complicated
architecture than that proposed here.

There is a growing body of approximation theory for certain classes of operators
arising from PDEs, using Galerkin and Taylor approximation in high dimensional
spaces; see [10, 25] for recent overviews of this literature, in particular in the context
of the Darcy flow problem as pioneered in the paper [11]. However the empirical
success of neural operators on very wide classes of operator learning problems, beyond
those covered by classical approximation theoretic approaches, suggests the value of
developing theory for neural operators. A prerequisite for the success of any neural
operator architecture, and its use in a diverse range of applications, is a universal
approximation property. Universal approximation results are known for DeepONets
[9, 28], PCA-Net [3], for general neural operators [27] and for the (more constrained)
Fourier neural operator [26]. As most operators of interest in applications are not only
nonlinear, but also nonlocal, any successful operator learning framework must share
both of these properties. While the need for nonlinearity is well-understood even for
ordinary neural networks, nonlocality is a requirement that is more specific to the
function-space setting; it is a crucial ingredient for operator learning. The headline
message of this paper is that universal approximation can be obtained in general
geometries, with nonlocality introduced using only a low-rank operator of fixed finite
rank.

Fourier neural operators introduce nonlocality via the addition of a nonlocal oper-
ator in each hidden layer, which acts on the Fourier modes of the input function by
matrix multiplication. Available analysis of FNOs in [26] mostly rests on an analogy
between FNOs and spectral methods: higher approximation accuracy is established by
retaining larger numbers of Fourier modes. This interpretation is at odds with practical
experience with FNOs. FNOs are typically implemented with a first layer which lifts
the input, a scalar or vector-valued function, to a vector-valued function where the
vector dimension (referred to as the number of channels, also named the model width)
is much higher than that of the input function itself. In some circumstances it can be
more beneficial to increase the number of channels rather than to retain more Fourier
modes in the architecture. A first theoretical insight into this empirical observation
has recently been achieved in [29] from the perspective of nonlinear reconstruction,
where the analysis of specific settings revealed clear benefits of increasing the num-
ber of channels, and showed that, in those specific cases, arbitrary accuracy can be
achieved when retaining only a fixed number of Fourier modes; the same paper also
contains numerical experiments which exemplify the theoretical insight. These and
similar results indicate that our theoretical understanding of neural operators, which
has been largely guided by experience with traditional numerical methods, is still
incomplete, and suggests a need for further analysis to improve our understanding of
the precise role of nonlocality in operator learning.

These observations motivate the present work, in which we seek a deeper under-
standing of “how much” nonlocality is needed in neural operator architectures. The
surprising result is that even very simple nonlocality, in the form of an integral aver-
age, is already sufficient for universality in operator learning. This is astonishing if
one contrasts the simplicity of a humble average with the often complex nonlocal PDE
solution operators of interest in engineering and the sciences, which, for example, give

@ Springer



Constructive Approximation

rise to turbulence and other complex phenomena. The present work thus paves the way
for a more systematic exploration of nonlocality in operator learning.

We highlight the fact that theory quantifying the computational complexity of
achieving a given error appears very difficult for neural operators. It is currently limited
to random features models [30], to linear problems [14] and to specific problems such
as those with holomorphic structure and deploying specific network constructions [20,
40]; numerical studies of the cost-accuracy trade-off beyond these special settings may
be found in [13]. Thus, although they do not quantify complexity, universal approx-
imation theorems have an important role to play as neural operator methodology is
developed: they highlight the importance of certain high level design choices in neural
operators. We also note that our analysis and numerics provide an improved under-
standing of the trade-offs between increasing the channel width versus increasing the
number of Fourier modes, in the FNO architecture. Indeed our numerical experiments
point to problem-dependent subtleties in optimizing this trade-off.

In the next subsection, we first provide an overview of the general structure of neural
operators in a unified framework, which encompasses recently proposed architectures
[5, 31]. We then proceed to boil this general structure down to its bare essence, the
averaging neural operator (ANQO). The ANO builds on only two minimal ingredients,
nonlinearity by composition with shallow neural networks, and nonlocality via a spatial
average. We state, and sketch the proof of, two universal approximation theorems for
the ANO; proof details are given in the Appendix A. The ANO is a subclass of numer-
ous neural operators, including many of those listed in the preceding literature review;
we thus deduce, in section 3, many universal approximation theorems from properties
of the ANO. We follow this, in section 4, with numerical experiments illustrating some
of the implications of our work. Section 5 contains concluding discussions.

1.2 Neural Operator

We now provide an overview of neural operator architectures which are of particular
relevance to this work. To differentiate this generic class from specific instances, such
as those further discussed in Section 3, we will refer to this general class as nonlocal
neural operators (NNO).

Let © denote a bounded domain in RY (or potentially a manifold) and let
X(©2; R?), Y(2; R?) and V(£2; R?) denote Banach spaces of R?—valued functions
over Q. The NNO is defined as a mapping ¥ : X(2; R¥) — V(€; R¥) which can
be written as a composition of the form W = Qo Ly o--- 0 L] o R, consisting of
a lifting layer ‘R, hidden layers Ly, £ = 1, ..., L, and a projection layer Q. Given a
channel dimension d_., the lifting layer R is given by a mapping

R X (2R — V(@ RY), u(x) = Rux),x), (1.1

where R : R x Q — R% is a learnable neural network acting between finite dimen-
sional Euclidean spaces. For ¢ = 1, ..., L (the number of hidden layers) and for
m =0, ..., M (the number of modes) choose functions V¢ ., ¢¢.m : 2 — R4 . For
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£=1,...,L,each hidden layer L, is of the form

M
(Lev)(x) =0 (WZU(X) + b + Z(Tz,mv, 1//€,m>L2(Q;Rdc)¢f,m(x)> . (L2

m=0

Each hidden layer defines a mapping £; : V(2 R%) — V(Q;R%). For £ =
1,...,L and for m = 0,..., M the matrices Wy, Ty, € Réexde  and bias
by € R% are learnable parameters. The activation function o : R — R acts as
a Nemitskii-operator, component-wise on inputs; i.e. for a vector-valued function
v(x) = (v1(x),...,v4.(x)), we define o (v(x)) = (o (vi(x)),...,0(vg (x))) for
x € Q. Throughout the paper the activation function ¢ : R — R is assumed to be
smooth, o € C*°(R), nonpolynomial and Lipschitz continuous. Finally, the projec-
tion layer Q is given by a mapping,

Q: V(2 R%) — Y(Q: RY), v(x) = Q(x), x), (1.3)

where Q : R% x Q — R¥ is also a learnable neural network acting between finite
dimensional Euclidean spaces. Note that the form of the lifting and projection layers
allows for positional encoding. The role of this positional encoding is discussed in
further detail, in Section 2.4.

The general framework summarized above reduces to the FNO in a periodic geom-
etry and if the expansion functions are chosen as Fourier basis functions, indexed by
m and independent of £. It also relates to other architectures, such as wavelet operators
[19, 50], or the Laplace eigenbasis neural operators of [8]. The central question to be
addressed in the following is this: “which minimal assumptions have to be imposed
on the expansion functions v, and ¢, to ensure universal approximation of the
resulting architecture?”’

2 Averaging Suffices for Universal Approximation

In this section we prove that the use of a simple average provides enough nonlocality,
within the broader NNO structure, leading to the two universal approximation Theo-
rems 1 and 2 stated below. The architecture used to prove these theorems is a subclass
of many concrete instantiations of the general NNO architecture, and hence implies
universality approximation results for NNO as corollaries (cf. Section 3, below). When
the domain is periodic, the resulting averaging neural operator is also a special case
of the FNO, when only the zeroth Fourier mode is retained. Thus, our universality
result also implies the universality of FNOs, even when only computing with a single,
constant, Fourier mode. Thus, the theoretical results in this section provide new insight
into the empirical observation, for example in the experiments in [29], that increasing
the number of channels is often more beneficial than increasing the number of Fourier
modes in the practical training of FNOs. In subsection 2.1 we discuss the nonlinearity
of neural networks between finite dimensional Euclidean spaces and emphasize the
role of nonlocality in operator learning. Subsection 2.2 defines the subclass of NNOs
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used for our analysis of universal approximation, the topic of subsection 2.3. Intuition
for the proof is given in subsection 2.4, and a proof sketch is provided in subsection
2.5, with details left for the appendix.

2.1 Nonlinearity and Nonlocality

To achieve a universal approximation property, a neural operator architecture must
necessarily define a nonlinear operator. In the context of ordinary neural networks
acting as approximators of functions between finite dimensional Euclidean spaces, it
is well-known that (nonpolynomial) nonlinearity essentially also represents a sufficient
condition for their universal approximation property [2, 12, 22, 46]. This should be
contrasted with neural operators, where nonlinearity alone is not sufficient to ensure
universality; to illustrate this latter fact, we note that even a single layer of an ordinary
neural network actually gives rise to a nonlinear operator, which maps an input function
to an output function by composition,

u(x) = oc(Wu(x) + b). 2.1

Here, W and b represent the weights and biases, respectively, and o denotes the
activation function. Despite being highly nonlinear, operators of such a compositional
form cannot be universal. The main reason for this is that any such W is local, in
the sense that the value W (u)(x) of the output function at a given evaluation point x
depends only on the value of the input function u(x) at that same evaluation point.
As a consequence, such mappings are not able to approximate even simple operators
W' with a nonlocal dependence on the input, such as the shift operator W (u)(x) :=
u(x + h) for fixed h # 0.

The arguably simplest example of a nonlocal operator with dependence on all point
values u(x), x € €2, is given by averaging the input function u over its domain :

1
u(@) > ][ u(y)dy = — / u(y)dy. 22)
o <l

Clearly, such averaging represents only a very special case of a nonlocal operator. In
general, nonlocal operators can have a much more complicated dependence on the
function values {u(x) | x € 2} over the whole domain, as well as the mutual correla-
tions of these values.

2.2 Averaging Neural Operator: a Special Subclass of the NNO

In this section, we define a special subclass of the NNO, which combines nonlinearity
by composition (2.1) with nonlocality by averaging (2.2). Recall that we have restricted
this paper to consideration of only smooth, nonpolynomial and Lipschitz continuous
activation functions o. Generalization of our results to other activation functions is
possible, but would require additional technical assumptions in our main results. We
now define the subclass of NNOs found by simplifying to a special subclass of hidden
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layers of the form,
L:V(Q; Rd") — V(2 Rd"), LW)(x):=0 <Wv(x) +b ~|-][ v(y) dy) . (23)
Q

More specifically, we will focus on the case of a single hidden layer. This results in
the following averaging neural operator (ANO) architecture:

U X(Q R - VR, W) =QoLoR(u),

where the lifting and projection mappings, R and Q, are given by (1.1) and (1.3),
respectively, with R and Q single-hidden layer neural networks of width d,, and
where L is of the form (2.3).

We note that this ANO is a specific subclass of the NNO. Due to its minimal
structure, the ANO depends on only one hyperparameter; the lifting dimension d.
The tunable parameters of ANO are represented by the weight matrix W e R *d
and bias b € R% in the hidden layer £, and the internal weights and biases of the
ordinary neural networks R and Q, which define the lifting and projection layers,
respectively.

2.3 Universal Approximation

Despite the apparent simplicity of averaging as the only nonlocal ingredient in the
definition of the averaging neural operator, the following theorem shows that this
architecture is universal:

Theorem 1 Let @ C R? be a bounded domain with Lipschitz boundary. For given
integers s,s' > 0, let W' : C*(Q; Rfy — CS/(§; Rk/) be a continuous operator, and
fix a compact set K C C*(Q; RX). Then forany € > 0, there exists an averaging neural
operator ¥ : K C C*(Q; RF) — cs (Q; Rk/) such that

sup [| W7 () = W)l v < e.

uek

The previous result is formulated for operators on spaces of continuously differen-
tiable functions. However, it is possible to obtain similar results in many other natural
settings. To illustrate the generality of the underlying ideas, we provide a correspond-
ing result in the scale of Sobolev spaces W*7:

Theorem 2 Let @ C R? be a bounded domain with Lipschitz boundary. For given
integers s, s' > 0, and reals p, p' € [1,00), let WT : WP (Q; RF) — WS/’p,(Q; Rk/)
be a continuous operator. Fix a compact set K C W*P(; R¥) of bounded functions,
sup,cx llllpo < o0o. Then for any € > 0, there exists an averaging neural operator
U WP (Q; RN — WS,'P/(Q; Rk,) such that

sup W () — W)y < e
uek
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A straight-forward consequence of the above results is that any more general NNO
architecture, with hidden layers of the form (1.2), is universal as long as an average
can be represented; under this condition, the resulting NNO reduces to ANO with a
specific setting of the tunable weights (by setting certain parameters to zero). This
is ensured, provided that there exists an index m such that ¥, ¢¢.,n = const. are
constant functions, and satisfied for most architectures that are successfully employed
in practice (cf. Section 3 for several examples).

Remark 1 Theorems 1 and 2 show that the ANO architecture is universal in approxi-
mating a large class of operators, uniformly over a compact set of input functions K.
In practice, neural operators are often trained by minimizing an empirical loss,

N
1
_ ) — 2 ~
E(W)—NE NV an) = W@l e UL e s UN ™ I

n=1

where the data are iid random samples from an underlying input probability measure
1. A popular prototypical choice is sampling input functions from a Gaussian random
field. In this case, the set of input functions is no longer bounded, and hence not
compact. As previously observed in [26, Remark 17 and Thm. 18], we note that it
is possible to combine universality results with respect to the uniform norm over a
compact set K, with a technical cut-off argument, to derive corresponding results in
expectation; i.e. for given € > 0, it is possible to show the existence of W, such that

By [1%00) = @010, ] <

including the case where © does not have compact support.

2.4 Intuition

Before providing a sketch of the main technical elements that go into the proof of
Theorems 1 and 2, in the next subsection 2.5, we would like to provide some further
remarks on the general intuition, as well as possible variants and extensions of these
theorems.

Encoder-Decoder Structure. The main theoretical insight of this work, brought
out in the ANO architecture, is the identification of a hidden encoder-decoder structure
which is inherent in NNOs. This structure becomes particularly apparent when setting
the matrix W and bias b in the hidden layer (2.3) zero, in which case we note that
the mapping Lo R : X — R%, u > L o R(u) can be thought of as a nonlinear
encoding of the input function by a (constant) vector v € R%, while the mapping
Q :R% — Y v Q(v, -) is a nonlinear decoding of the corresponding output
function W (). Indeed, with this choice of the hidden layer, the composition £ o R
has constant output,

vi=LoRu)=0 <][ R(u(x), x)dx) € R%, (2.4)
Q
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thus serving as an encoder, £ o R : X(Q2; R%) — RY%  The encoded input v is in
turn decoded by the neural network Q : v — Q(v, -) to produce the output function
W(u)(x) = Q(v, x).

This encoder/decoder perspective provides further insight as to why the universal
approximation property can hold even when relying on simple averaging as the only
nonlocal ingredient; the main difficulty in proving such a result lies in showing that
composition of the input function with a non-linear transformation, and subsequent
averaging, can encode the relevant features about the input.

The Role of Positional Encodings.

For the encoder-decoder point of view presented above, the explicit x-dependence
(“positional encodings™) of the lifting and the projection layers appears crucial at
first sight, and we would like to further clarify the precise sense in which this is so.
Specifically, we would like to address the fact that in practical implementations, of
e.g. FNO, it is standard to add such positional encoding to the inputs, while it is not
common to add such features to the output layer.

First, we point out that some form of positional encoding is necessary even from
the point of view of universality. E.g. in the case of the FNO (on a periodic domain),
positional encoding represents the only mechanism by which the architecture can break
translation equivariance, i.e. ensure that the FNO W does not commute with the shift
operator, 7, o ¥ = W o 1, where 7, (1) = u(- + h). In many cases, such as for PDEs
with non-constant coefficients, the operator of interest is not translation equivariant,
making this mechanism for breaking translation equivariance crucial. In previous
theoretical work on universality for FNO [26], translation equivariance was broken
by assuming an architecture with x-dependent bias functions, b = b(x). However, in
practical implementations, it is more common to add a positional encoding explicitly
in the input layer R : u — R(u(x), x), consistent with the formulation in the present
work.

Second, we note that the explicit x-dependence in the output layer is not necessary,
provided that the pointwise matrix multiplication v(x) — Wuv(x) + b is included in
the hidden layers:

v(x) > o (Wv(x) +b —l—][ v(y) dy) .
Q

Indeed, these pointwise operations provide the network a mechanism (akin to skip
connections) to forward positional encoding information from the input layer to the
output layer.

To be more specific, if Q(v)(x) = Q(v(x)) has no explicit x-dependence, then
we can choose a lifting layer of the form R(u(x), x) = [R1(x), Ry(u(x), )17, where
R{(x) =~ x is an approximation of the identity on €2, and we can choose a block matrix
W = [W;, 0] and bias b = [b;, 0]7 with b; = — fQ R1(y)dy + b, which implies
that

oLl o = Q0o Rl(x)'i_fQRl()’)dY‘l‘bliD
QefeoRw=2 “([ R ndy )
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—0 <[ o (WiRi(x) + by) :|)
o (fo Ro(u(y). y)dy)|)"

Comparing with (2.4), the second input componentof Q,i.e.v := o (fQ Ro(u(y), y) dy),
is of the same encoder-form as before. As a slight difference, the explicit positional
encoding by x is now replaced by £(x) = o (W1 R (x) + b,). However, since both
Ri(x) ~ x and o (W1x + b,) can be chosen to be an arbitrarily accurate approxima-
tion of the identity, then with a suitable choice of Ry, W| and b, this first component
&(x) ~ x can be used to replace the explicit position encoding x.

Introducing an explicit x-dependence directly in the output layer Q is thus not
crucial from a universality point of view. We nevertheless assume such dependence,
because (i) it allows us to simplify the proofs by avoiding technical details that would
be required to make the above statement precise, and (ii) the assumed explicit x-
dependence also points to a generalization of the architecture to approximate operators
on input-/output-functions with distinct domains, as will be explained below.

Other Extensions and Variants. There are several possible extensions and variants
of our main theorems, two of which we briefly mention below.

Firstly, our derivation actually implies that neural operators of the form (2.7) are
universal in approximating continuous operators W' : X'(€; RF) — W(Q'; RK') on
distinct domains @ C R and @' c R, and with potentially different dimen-
sions d # d’. We only need to replace Q in (2.7) by a neural network mapping
Q R x Q — R¥. The input and output spaces X', ) can be any combination
of C*(Q; R¥), W*P(Q; R¥) and Csl(ﬁ/; ]Rk/), WS/”’/(Q/; Rk/), respectively, for any
integers s, 5" > 0 and reals p, p’ € [1, 00). Extension to this setting specifically
requires that the pointwise matrix multiplication, v(x) + Wwv(x), in the hidden layer
is removed, by setting W = 0. It would be interesting to investigate the practical utility
of this observation in numerical experiments, in the future.

Secondly, it should be straight-forward, although technically more involved, to
extend the results of this work to operators mapping between functions defined on
compact manifolds M C R¢ in place of Q; this is particularly relevant to applications
of neural operators to numerical weather forecasting [5, 45].

2.5 Sketch Of The Proof Of Universality

In the present section, we provide an overview of the proof of Theorems 1 and 2.
The details are included in Appendix A, see Sections A.5 and A.6, in particular.
In the following overview, let X = X'(Q; Rk) and Y = V(2; Rk/) denote spaces of
continuously differentiable functions (respectively Sobolev spaces) as in the statement
of Theorem 1 (respectively Theorem 2).

The first step in the proof of universality is to determine a reduction to a special
class of operators, explained in detail in Section 1, which have the structure of an
encoder-decoder. Starting from a general continuous operator W' : X — ), and
given a compact set K C X, we first show that for any € > 0, there exist J € N,
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elements 1, ..., ny € Y and continuous functionals ¢, ..., a5 : X — R, such that
J
sup | W () — Za,(u)n., <e. (2.5)
uekK i—1
1= y

Furthermore, our construction ensures that each of these functionals « ; actually defines
a continuous functional on the larger input function space consisting of L !-functions,
i.e. we have continuous mappings ; : L'(€2; R¥) — R. Since any input function
space X considered in Theorems 1 and 2 embeds into L' (2; R¥), this first step in
the proof reduces the original problem to the approximation of a continuous operator
U LY(Q; RF) — Y, of the form,

J
i) =Y a;@n;, (2.6)
j=1

over acompactsubsetK C L 1(Q; R¥) of uniformly bounded functions, sup,,c g llu|l
00. The structure of W is that of an encoder-decoder, with the functionals o j providing
the encoding and the functions n; the decoding. We refer to Proposition A.6 for further
details in the setting of continuously differentiable spaces, and Proposition A.8 for a
corresponding statement in the scale of Sobolev spaces.

The second step in the proof, described in detail in Section 1, concerns approxi-
mation of the continuous nonlinear functionals «; : L! (2; Rk) — R, the encoders.
Specifically, we show that they can be approximated to any desired accuracy € by an
averaging neural operator & : L' (2; RF) — R (with constant output functions), and
with components & (u) = (@1 (), ..., dy(u)). To be concrete,

supoj(u) — &) <e, Vj=1,....J.
uek

This result is contained in Lemma A.9 of Section 1, which constitutes the main ingre-
dient in the proof of universality. More precisely, the constructed averaging neural
operator @ is of the form

a:ur> Rukx),x)—»v:i=0 <f R(u(y),y) dy) = q1(v),
Q

where R : R¥ x Q@ — R% and ¢q; : R% — R’ are ordinary neural networks;
see Remark A.10 after the proof of Lemma A.9. This step builds on well-known
approximation results for ordinary neural networks, summarized in Section A.2, and
combines them with an averaging operation.

The final third step in the proof of Theorem 1 is given in Section 5.1 (see p. 30)
and is built on approximations of the functions n; which define the decoder. We first

show that there exists another (ordinary) neural network ¢» : R’ x @ — R¥', such
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that g2 (v, x) ~ Z]J:l v;n;(x) for all relevant (v, x), approximating the decoding.
We then define a neural network Q by the composition Q (v, x) := ¢2(g1(v), x).
Given the neural network R and averaging layer L(w) := ¢ ( fQ w(y)d y) from
step two of the proof, and the neural network Q from step three, we show that the
averaging neural operator W : L' (Q; RF) — ), given by the composition,

W u) B Ruk),x) S vi=o (][ Rw(y), y) dy) S ow.x), @7
Q

approximates the encoder-decoder (2.6). Concretely, given any € > 0, we may design
the neural networks R and Q so that

J
sup \Il(u)—Zoej(u)nj <e.
uekK =1 y

Step one of the proof shows that an encoder-decoder can be constructed to
e —approximate the true map W, as stated in (2.5). It thus follows that averaging neural
operators are universal approximators of general continuous operators W' : X — ).

Two important properties of X and ) that are used in this proof are that (a) A has a
continuous embedding in LY(Q; R%), and (b) that functions Ni,...,ny € V(2 Rk/)
can be approximated by ordinary neural networks, i.e. for any € > 0, there exist
neural networks 71, ...,7; : @ — R¥, such that In;j —njlly < €. In addition,
a more technical ingredient for the reduction to an operator of the form (2.6) is the
existence of a “mollification”, defining a family of maps M;s : L' (Q; RF) — X,
and satisfying [|[Msu — ully — O as 8 — 0, forany u € X C L'. Relevant
mathematical background, including a result on boundary-adapted mollification, is
summarized in Appendix A.l. For simplicity of exposition, rather than striving for
the greatest generality, we have formulated our universal approximation theorem for
two concrete families of function spaces, C* and W*-?, which satisfy the required
properties and which cover most settings encountered in applications.

Remark2 We note that additional properties, such as boundary conditions, are often
implicitly enforced, provided that the operator is approximated with respect to a suit-
able norm on the output function space. For example, if the output functions belong
to the Sobolev space WJ’Z(Q; RKY, respecting a homogeneous Dirichlet boundary
condition, then approximation of the operator with respect to the W2 (; R¥")-norm
automatically ensures that the boundary conditions are at least approximately satisfied,
as a consequence of the trace theorem [17, Sect. 5.5].

In the outline above, the parameter J directly relates to the required width of
the network Q defining the projection layer Q. Thus, J can be interpreted as a
measure of the complexity of the output function space. The channel dimension
d. corresponds to the number of necessary “features”, encoded via the components
o (fo R1w), y)dy), ..., 0 (o Ra. u(y), y) dy) of the composition LoR, needed
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to approximate the functionals o to a given accuracy. These nonlinear features pro-
vide an encoding of the input function, and d,. is a measure of the information content
that needs to be retained.

3 Connection With Other Neural Operator Architectures

In this section we discuss the implications of the work in the previous section for, and
links with, other neural operator architectures. Several neural operator architectures
can be viewed as generalizations of the ANO, and a specific choice of the weights in
the hidden layers will reproduce the simple averaging considered in the present work.
Examples include the Fourier neural operator, the wavelet neural operator and neural
operator with general integral kernel. As a consequence, the universal approximation
property for the ANO immediately implies corresponding universal approximation
results for these architectures. Furthermore, there are links to emerging and existing
neural operator architectures such as the Laplace neural operator [8], DeepONet [38]
and NOMAD [48]. We now detail these implications and links.

3.1 Neural Operator With General Integral Kernel
Recall that the hidden layers of an ANO are of the form
Li()(x) =0 (Wev(x) + be + (Kev)(x)) 3.1

where K, is the nonlocal operator given by averaging, K,v = fQ v(y)dy. This is a
special case of the general form of neural operators defined in [27] (General Neural
Operator), where the hidden layers are of the form (3.1), with nonlocal operator given
by integration against a matrix-valued integral kernel K, (x, y) € R%*de:

(/sz)(X)=/QKz(x,y)v(y)dy- (3.2)

The particular choice K, (x, y) = 1©2)~! 14.xq. With 1. x4, the identity matrix, recov-
ers the ANO. Hence, as an immediate consequence of the universal approximation
theorems 1 and 2, we obtain:

Corollary 1 (General Neural Operator) The neural operator architecture with general
integral kernel is universal in the settings of Theorem 1 and Theorem 2.

This result generalizes the universal approximation theorem of [27] to even more
general input and output spaces.

3.2 Low-Rank Neural Operator

A particular choice of the general integral kernel (3.2), proposed in [27, Sect. 4.2],
leads to the low-rank neural operator. Here, the integral kernel K, (x, y) of each layer
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is expanded in the low-rank form,

Ke(x,y) =) e ij0ve (7,

k=1

where ¢y j, Y j 1 2 — R% are vector-valued functions determined by neural net-
works, and optimized during the training of the low-rank neural operator. If r = d_,
and choosing the neural networks to be constant, ¢, ; = ||~ e;, Y ; = e; with
ej € R% the j-th unit vector, we obtain K¢ (x, y) = || I4.xq,. This recovers the
ANO. Thus, we conclude:

Corollary 2 (Low-Rank Neural Operator) The neural operator architecture with low-
rank kernel with r > d. is universal in the settings of Theorem 1 and Theorem 2.

Note that the NNO proposed in the present work differs from what is proposed in
[27, Sect. 4.2]: here we pre-specify the functions ¢y, ;, ¥, j, and learn only a multiplier;
in contrast, the pre-existing work proposed learning these functions as neural networks.
In this sense, the NNO can be viewed as a special case of the low-rank neural operator.

3.3 Fourier Neural Operator

The Fourier neural operator is obtained by restricting to a class of convolutional integral
kernels in (3.2), i.e. kernels satisfying Ky(x,y) = K¢(x — y), where K;(x) is a
trigonometric polynomial of the form K, (x) = ZI el <komax I’)\g’ rek* with I?L i € Cdexde,
Uponsetting £ = 1, kpyax = 0,and Py o=t 14.x4., we againrecover the averaging
neural operator. Thus, Theorem 1 immediately implies:

Corollary 3 (Fourier Neural Operator) The Fourier neural operator architecture is
universal in the settings of Theorem I and Theorem 2.

This result generalizes the previous universal approximation theorem of [26] to arbi-
trary Sobolev input and output spaces.

3.4 Wavelet Neural Operator

Multi-wavelet neural operators have been introduced in [19]; see also [50]. Following
the approach in [19], the integral kernel K,(x, y) in a given hidden layer is expanded
in terms of a wavelet basis ¥, Y1, ..., ¥n,

N
Ke(x,y) =Y CODY (09 (y).

i,j=0

Here, the coefficients C+/) € R9%*de are themselves matrix-valued. We consider the
case of a single hidden layer, £ = 1, and the setting where the span of the wavelet
basis ¥, ... includes constant functions, and hence we assume that ¥y = const. is
constant. The ANO is then again a special case, and we have:
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Corollary 4 (Wavelet Neural Operator) If the wavelet basis includes a constant func-
tion Yo(x) = const., then the wavelet neural operator architecture is universal in the
settings of Theorem 1 and Theorem 2.

This result provides a first universal approximation theorem for wavelet neural oper-
ators, and thus gives a firm theoretical underpinning for the methodology proposed in
[19].

3.5 Laplace Neural Operator

Recently another alternative to the Fourier neural operator has been proposed in [8];
this so-called Laplace neural operator, is applicable to general bounded domains
Q ¢ R?, and indeed extends to functions defined on quite general smooth manifolds.
The approach of [§] employs an expansion in a (truncated) eigenbasis of the Laplacian,
b0, b1, ..., Pk € LZ(Q), and defines the nonlocal kernel Xy in the £-th hidden layer
(3.1) by an expression of the form,

K
Kev =Y (Toxv, ¢) 2¢%
k=0
where Ty € R *de ig g learnable matrix multiplier fork =0, ..., K.

If the eigenbasis is computed using, for example, homogeneous Neumann boundary
conditions, then the constant function ¢o(x) = 1/4/]€] is the eigenfunction corre-
sponding to the lowest eigenvalue Ao = 0 of the Laplacian, this architecture reproduces
the averaging neural operator with the particular choice Ty := I4.xq,, and Ty x := 0,
for k > 1. Thus, we conclude from the universality of averaging neural operators, a
result which places the Laplace neural operator [8] on a firm theoretical basis:

Corollary 5 (Laplace Neural Operator) The Laplace neural operator architecture is
universal in the settings of Theorem I and Theorem 2.

3.6 DeepONet

In the course of proving universality for the averaging neural operator, outlined in
Section 2.5, we prove several approximation results which demonstrate connections
with other architectures, such as the Deep Operator Network (DeepONet) architecture
[38]. We recall that a DeepONet is based on two ingredients which we now detail.
Firstly, a set of linear functionals £ = (£q,...,¢,) : X(; R¥) — R™*k have
to be specified; often, these functionals are defined by simple point evaluation, e.g.
€;(u) = u(x;), j = 1,...,m. Secondly, two neural networks g : R™k — R?
(the branch net) and 7 : 2 — RP*K (the trunk net) are introduced, giving rise to an
operator of the form

p
Wiu Y b)) (3.3)

k=1
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In practice, the networks g, t are trained from given data consisting of input- and
output-pairs (u, lI/Jf(ul)), ..., (uy, \IJT(uN)), where T : X — Vs the underlying
(truth) operator. Given a compact set K C X, the following approximation error is of
interest:

p
i) = B)n

k=1

sup 3.4

ueK

y

Comparing (3.4) with (2.5), we observe that the composition S o £ : X — R can be
thought of as providing an approximation to the nonlinear functional o, whereas the
trunk net t; approximates ¢y.

On unstructured domains, the branch net 8 : R xk _, R? is often chosen as a fully
connected neural network. The analysis in the present work suggests an alternative
choice where B o £ is replaced by a functional & : X — R”, defined by

au) =0 (7[ R(u(x), x) dx) , 3.5)
Q

where R : R¥ x @ — RP” is an ordinary neural network. In practice, the integral
average can be replaced by a sum over a finite number of sensor points xp, ..., X,
resulting in a mapping of the form

G0 = o (L) R, x)).

A variant of DeepONet is then obtained by defining Vx> Y by \E(u) =
Zf: | @k (u) 7k Our analysis implies that this operator learning architecture W is uni-
versal in the settings of Theorem 1 and 2.

3.7 NOMAD

Going beyond the previous subsection we see that our analysis is also closely linked to
a recent extension of DeepONets, called “Nonlinear Manifold Decoder” (NOMAD)
[48]. In this approach, the functionals £, ...,¢, : X — R™>k and the branch net
B : R™*k . RP are retained, but the linear expansion in (3.3) is replaced by a
nonlinear neural network @ : R? x © — R¥. The resulting NOMAD operator
Vv : X — )Yis defined by

Y (u)(x) := Q(B(L)), x). (3.6)

Replacing the composition o £ by the alternative functional a defined in (3.5), the
NOMAD approach results in an operator ¥ : X — ) of the form

U (u)(x) == Q@u), x),

thus recovering the specific construction of the ANO in (2.7).
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Fig. 1 FNO model with different combinations of channel dimension (width) d. and Fourier modes K. In
each curve, the models share roughly the same amount of model parameters because d. K is fixed at C, with
C changing between each curve. As C increases, the overall error drops. The curves at any given fixed C
exhibit a “U”-shape, where the valley determines the optimal choice of modes K. The black dotted line is the
error given by simply truncating the truth at the given number K of Fourier modes (“Fourier truncation”).
Two things are notable: (i) for Helmholtz the optimal number of modes is fixed as computational budget
increases, whilst for the two Darcy problems and Kolmogorov flow it grows; (ii) in all examples the trained
FNO is able to considerably improve on the Fourier truncation, when smaller numbers of Fourier modes
are used; this suggests the nonlinear approximation theoretic mechanisms at play and resulting from the
architecture (Color figure online)

4 Numerical Experiments

There are two types of numerical experiments that are suggested by the analysis
in this paper: (i) to deploy the NNO for problems in non-periodic geometries, and
in particular to explore choices of problem-adapted functions ¢y ,, Y, in (1.2),
aiming to develop intuition as to when it is an effective operator approximator; (ii)
to determine the optimal distribution of parameters to obtain a given approximation
error at least cost. We defer experiments of type (i) for future work and concentrate
here on experiments of type (ii).

To carry out experiments of type (ii) we work in the setting outlined at the start of
subsection 1.2. The channel width is d. and we employ L = 4 layers. The domain
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Q = [0, 1]¢ and in all examples considered d = 2. The layer takes the specific form

(Lev)(x)

=0 <W5v(x) + b+ Z(Tg,mv, exp(27i (k. x))) ;2. cdey exp(27i (K, x))(x)) ,
keK

where K is a finite square lattice set of cardinality K2, centred at the origin. Thus
lklco < K. In our experiments we fix a measure of the total number of parameters:
d. x K. We then identify the optimal choice of number of basis functions K, in
terms of the achieved test accuracy, for fixed total number of parameters. We conduct
experiments on three sets of partial differential equations to study the balance between
number of channels and number of Fourier modes: the Helmholtz Equation for wave-
propagation in a heterogeneous medium, the Darcy Equation for porous medium flow,
for both smooth and piecewise constant coefficients, and the forced two-dimensional
Navier-Stokes equation, more specifically a Kolmogorov Flow.

For all three test cases, we use a 4-layer FNO model with the GeLU activation
function, as in [33], and a cosine annealing optimizer [37]. In the Helmholtz and Darcy
equations, we normalize the input and output functions by subtracting the pointwise
mean and dividing by the pointwise standard deviation, with mean and pointwise
variance computed from the training dataset; however in the Kolmogorov Flow, we do
not use normalization. The results show that, in the range of parameter scenarios we
consider, the Helmholtz Equation and Kolmogorov Flow are optimized by fixing the
number of basis functions; in contrast the Darcy problem is optimized by increasing the
total number of basis functions, given a fixed budget of total number of parameters.
These results resonate with the different proofs of universal approximation for the
FNO, the original one using an increasing number of Fourier modes to achieve smaller
error [26] and the proof in this paper using only a single Fourier mode found via
integration against the constant function; more generally the results suggest the need
for deeper analysis of the deployment of parameters in neural operators to obtain the
optimal error/cost tradeoff.

4.1 Helmholtz Equation

We consider the Helmholtz Equation as defined in [13].
Specifically, we consider the following PDE,

2
(—A—w—z)uzo, in Q.
C

with frequency w > 0 and variable coefficient field ¢ = c(x), on a square domain
Q =10, 1]%. We impose Neumann boundary conditions,

ou au
—=0, on 891,392,394, — =upy, on 393.
on an

@ Springer



Constructive Approximation

Here 0921, 02, 023 and 924 denote the lower, right, upper and left edges of the
square. We fix un (x) = 1[0.35<x<0.65]-

The frequency w is fixed at 10°. The target operator maps the wave speed field to
the disturbance field ®' : ¢ > u. The probability measure on the inputs is a pointwise
nonlinear transformation of a Gaussian random field: ¢(x) = 20 + tanh(c(x)), ¢ ~
N (0, (—A + 9)72) where the Laplace operator is equipped with homogeneous Neu-
mann boundary conditions. We use 10* instances of data pairs to train the FNO model,
each with resolution 10> x 10%. We use Adam optimizer and cosine annealing learning
rate scheduler, with initial learning rate 1 x 1072 and weight decay 1 x 1074

4.2 Darcy Equation

The Darcy equation is widely studied in the operator learning literature and we use
the set-up employed in [1, 3]. We consider the following PDE,

—V . (@Vu) = 1,

posed in € = [0, 1] and subject to homogeneous Dirichlet boundary conditions.

The target operator maps the coefficient field (permeability) to the solution field
(pressure) ®' : @ > u. We use 10° data pairs to train the FNO model, each with
resolution 141 x 141. We use Adam optimizer and cosine annealing learning rate
scheduler, with initial learning rate 1 x 10~3 and weight decay 1 x 107%.

We study two cases of the Darcy equation, differing in our choice of random input
fields: piecewise-constant coefficients and log-normal coefficients. For the piecewise-
constant case, the coefficient functions a are samples from Gaussian random field
a~N(@QO,(—A+ 9)_2) again with homogeneous Neumann boundary conditions. We
apply a pointwise nonlinearity which assigns value 4 or 12 depending on the sign of
the input: a(x) =4 ifd(x) <0, a(x) = 12 if a(x) > 0. For the log-normal case, the
coefficient function a is sampled from a lognormal distribution, which is equivalent
to the exponential of the same Gaussian random field: a(x) = exp(a(x)).

4.3 Kolmogorov Flow

Our final example is the Kolmogorov Flow with set-up as defined in [32]. For this
problem, we solve the periodic Navier-Stokes equation on a torus T2 ~ [0, 2712

1 ~
oju+u-Vu+Vp = R—Au+sin(ny)x, V-u=20,
e

with Reynolds number Re = 5 x 10?; this Reynolds number leads to a challenging
example in which more high-frequency structures are present in comparison to the
previous cases considered in the literature. We define the vorticity @ = curlu and
seek to learn the map from the initial vorticity field to the vorticity field one time unit

LA straightforward rescaling of the domain used to define the neural operator above, from [0, 11 to
[0, 271']2, is employed.
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later: ® : w(t) — w(t + h). We choose the time unit 7 = 0.1, noting that learning
the solution operator on long time-horizons can be difficult because of the chaotic
behavior present at this Reynolds number. > The equations may be formulated using
the vorticity-stream function formulation and the numerical method we employ to
generate the data is a pseudo-spectral method applied to this formulation. The dataset
of input-output pairs is computed from 100 trajectories, with 80 used for training and
20 for testing. Each trajectory consists of 500 time units; the burn-in phase, during
which the dynamics evolves towards to attractor, is removed from the trajectory. We
sample the initial conditions from a Gaussian random field of similar form to the two
preceding examples, but with — A subjected to periodic boundary conditions. In total,
we use 4 x 10* data pairs to train the FNO model, each with resolution 128 x 128. Note
that the data is not i.i.d. We use the Adam optimizer and cosine annealing learning
rate scheduler, with initial learning rate 5 x 10~* and weight decay 1 x 107%.

4.4 Results

We study the accuracy of the trained FNO for different combinations of channel
dimension (or width) d. and Fourier modes K, with a given budget of the total
number of parameters. Since the number of parameters scales as O(de 2 for these
2-dimensional problems, we fix d. K = C as a convenient proxy to control the sizes of
our models. The main theoretical result in this paper demonstrates that, in principle,
universality can be achieved by simply retaining a single Fourier mode. In practice, it
may be beneficial to include a larger number of modes, and we are interested in the
optimal choice of K (and hence d.), given a fixed model size C. To study this refined
question empirically, we consider different model sizes, with C = 128, 256, 512, ...,
and scan over increments of the Fourier mode cut-off K = 2, 4, 8, .... The results of
this empirical study are collected in Figure 1, for the four settings summarized above;
in each case, the relative L%-errors are plotted as a function of the number of the
Fourier truncation parameter K, and each solid curve represents the result of compu-
tations with a fixed number C of model parameters. As a baseline, the dashed black
line shows the average relative L>-error that is achieved by a direct Fourier truncation
of the reference output functions, as a function of K, i.e. the average error over the
test distribution that is obtained by projecting the reference solution of the PDE to an
expansion of its Fourier modes with wavenumbers |k|x < K.

Overall, we observe that models with more parameters perform better. Moreover, for
afixed model size C, the solid curves describe a “U” shape as a function of K, implying
that an optimal choice of the Fourier cut-off K and channel dimension d, exists, at each
given model size C. For the Helmholtz equation the optimal choice of Fourier cut-
off K is fixed across different model sizes, within the resolution of our experiments.
The trained FNO for the Helmholtz Equation performs best with K = 12. For the
Kolmogorov Flow, the optimal choice is K = 32 for C = 256, 512, 1024 except for
C = 2048 where the optimal mode is K = 64. The optimal model is the smallest
K larger than the corresponding Fourier truncation mode. A priori, our theoretical

2 Short-time solution operators can be composed using the semigroup property to make longer-term sta-
tistical predictions [35].
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results are not informative about the optimal distribution of parameters. However,
they show that even a fixed choice of Fourier modes K, independent of the model size,
is not in contradiction with the observed convergence to the underlying operator. This
empirical observation would have been difficult to reconcile with previous universal
approximation results, which require K to grow without bound.

For the Darcy Equation, the optimal choice of modes clearly shifts to the right
with increasing model size. When C = d.K = 128, the optimal choice of modes is
K = 6. When d.K = 1024, the optimal choice of modes is K = 16. Thus, in this
case, it appears to be optimal to invest additional degrees of freedom in a combination
of increasing both K and d.. An interesting empirical observation in Figure 1 is
that the trained FNO often beats the corresponding Fourier truncation of the true
solution with the same number of modes. This is particularly apparent for the Darcy
Equation, where even the FNO with a cut-off of only K = 2 is able to achieve very
accurate results, going considerably beyond the accuracy of the corresponding Fourier
truncation baseline. This strongly indicates that the trained FNO discovers a non-linear
mechanism to generate a well-calibrated set of higher-order Fourier modes, beyond
K = 2. Thus, non-linear composition combined with non-locality of the lowest Fourier
modes enables accurate results even with very small K; this is the basic mechanism
which underlies our main universality result. The empirical findings thus indicate
the practical relevance of the basic mechanism identified in the present work, with
implications beyond universal approximation.

We include one final set of experiments designed to check that the effect of nor-
malization (applied on the Helmholtz and both Darcy examples) is not responsible
for effects apparent in Figure 1. Indeed we show that the desirable approximation
effects we observe there cannot simply be attributed to the pre- and post-processing
of the inputs and outputs of the neural network to ensure (empirical) mean zero and
pointwise standard deviation one. To verify this assertion we show, in Figure 2, the
error found simply by Fourier truncation, with and without the normalization applied.
In Figure 2 (a), the truncation is done without the normalization. In Figure 2 (b), the
truncation is done with the normalization: the solution function is first normalized by
the pointwise mean and standard deviation, then truncated to the requisite number of
Fourier modes, and finally denormalized, mimicking the procedure used in the model
training. The truncation with normalization has a smaller error rate on the lower fre-
quency modes, but the error at higher wavenumbers is similar to that arising without
the truncation. The pointwise mean and standard deviation are shown in 2 (c, d), which
demonstrates that the normalization captures some lower frequency structures. This
experiment shows that normalization help to express the lower frequency components,
but it does not account for the desirable approximation properties observed for the neu-
ral operator in Figure 1. The Figure 2 is for the Helmholtz equation, but similar effects
are observed for the Darcy flow.

5 Discussion

This paper considers a general framework of nonlocal neural operators (NNO), which
includes known frameworks such as the Fourier neural operator (FNO). In a nutshell,
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Fig. 2 The effect of normalization demonstrated for the Helmholtz Equation example. (a) Error rates as
shown in Figure la). (b) Same as Figure la) but with error rates of the Fourier truncation including the
effect of normalization. (c) and (d) show the mean and standard deviation, respectively, as used in the
normalization process. Normalization assists in capturing lower modes but it does not affect the higher
modes

we derive sufficient (minimal) conditions under which specific instances of this general
framework are guaranteed to possess a universal approximation property. To answer
this question, the generic NNO architecture is reduced to its simplest possible form, the
averaging neural operator (ANO). This ANO is based on only two minimal ingredients,
both of which are indispensable for operator learning: nonlinearity, by composition
with ordinary neural networks, and nonlocality, by averaging. Despite the simplicity of
the resulting architecture, we show that the averaging neural operator (ANO) possesses
a universal approximation property for a large class of operators, cf. Theorems 1 and
2.

The methodology provides a unifying perspective on universal approximation,
across a wide-range of neural network architectures, and also suggests new architec-
tures, to which universal approximation will also apply. It allows us to unify much of
the theoretical analyses of, for example, the general NO, FNO, low-rank NO, wavelet
NO and Laplace-NO; the ANO is employed as an analysis tool to derive new univer-
sality results for all of these architectures, leading to Corollaries 1-5. These corollaries
improve on known universal approximation results for general NOs and FNOs, and
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provide a first rigorous theoretical underpinning for the methodology in the case of
low-rank, wavelet and Laplace NOs. Furthermore we believe that our general univer-
sality result for the ANO will serve as a useful reference to prove universality for many
other emerging neural operator architectures. In this context, we also point out close
links of the ANO introduced in the present work with other recent proposed neural
operator architectures, including the DeepONet and NOMAD architectures.In fact, our
proof of universality of the ANO is based on identifying an inherent encoder-decoder
structure in this architecture, and proving universality of such encoder-decoders.

At a more fundamental level, the present work aims to shed new light on the role
of nonlocality in operator learning for a general class of neural operators. It is shown
that even very simple nonlocality in the form of an averaging operation is sufficient
for the universality of neural operator architectures. As a consequence, we show that
neural operator architectures possess a universal approximation property even if the
nonlocality in the hidden layers is not capable of exploring the space of all integral
operators, thus providing considerable scope for the introduction of nonlocality in new
ways which may not rely on expansions in complete (e.g. Fourier or wavelet) bases. As
a byproduct, we also further deepen our understanding of the Fourier neural operator;
in particular, the present work strongly indicates that the importance of the Fourier
transform for FNOs may be mainly in providing nonlocality to the architecture, with
the particular choice of a Fourier basis playing only a subordinate role.

The present work provides substantial motivation to further study the optimal com-
bination of nonlinearity and nonlocality in operator learning. First empirical results
in this direction are presented in Section 4, focusing on the Fourier neural operator.
Here, the relevant parameters are the channel dimension and the number of Fourier
modes, corresponding to different distributions of nonlinearity and nonlocality in the
architecture. Our empirical results show that the optimal distribution of parameters is
likely problem dependent, but strongly indicate that the basic mechanism underlying
our proof of universality is also relevant in practice; further numerical results, in tan-
dem with extended analysis, will be necessary to gain deeper insight into the optimal
trade-off, in terms of cost versus accuracy, between non-linearity and non-locality.

It is also interesting to compare and contrast the ANO architecture with convolu-
tional neural networks (CNN) and convolutional neural operators (CNO). The ANO
employs a global average, applied to a non-linear transformation of the input function,
to encode relevant features; in contrast, convolutional architectures like CNN and CNO
are based on a composition of non-linear transformations, convolutions with localized
kernels, and potentially interspersed with max-pooling (or average pooling) opera-
tions. From the point of view of universality, we note that the ANO encoder defined
via a global average in the present work, could equally well have been replaced by
local averaging over a set of patches covering the domain, providing a link to average
pooling in CNNs. One major difference between ANO and CNN/CNO is that the
layerwise nonlocality is not global for the latter, thus requiring a minimal depth to
communicate nonlocal information across the entire domain. We believe it would be
interesting to extend the analysis of the present work to CNOs, in the future.

The fact that universality can be obtained even with a simple global average as
the only nonlocal ingredient in the hidden layers opens the way for the exploration
of alternative neural operator architectures with guaranteed universality, relying on
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different choices of how nonlocality is introduced. The results of this work are also
particularly relevant for future extensions of neural operator architectures to problems
with non-periodic geometries and mappings between functions on different domains.
We plan to expand on this topic, and the potential benefits of specific choices, in the
future.

In another direction, it would also be interesting to derive quantitative error esti-
mates for ANO, to complement the qualitative analysis of the present work. Our initial
numerical experiments clearly indicate practical benefits, in terms of the accuracy of
the trained models, of introducing nonlocality beyond simple averaging; it would be
interesting to see if this is also born out by a quantitative analysis. However, in view
of the great (theoretical) approximation power of neural networks as function approx-
imators, here used to define the encoder and decoder in the ANO, it is possible that
an explanation of the observed empirical differences would require going beyond a
purely approximation theoretic viewpoint, and taking into account their training by
gradient-based optimization on finite data.

A Detailed Proof Of Universal Approximation For ANO
A.1 Analysis Ingredients: Extension And Mollification

Lipschitz Domains

We recall that a subset  C R? is a bounded Lipschitz domain, if €2 is open, the
closure € is compact, and the boundary dQ = Q \  is at least “Lipschitz regular”, in
the sense that it can locally be thought of as the graph of a Lipschitz map. We refer to
[16, Section 2.1] for a rigorous mathematical definition. Lipschitz domains cover most
domains encountered in physical applications. In particular, any bounded domain with
piecewise smooth boundary is a Lipschitz domain.

Function Extension for Lipschitz Domains

In our proofs, it will sometimes be convenient to extend a given functionu : Q — R,
defined on a domain  C RY, to a function u : R? — R, defined on all of R?. The
following lemma shows that this is possible, while preserving smoothness of u, and
relies on a classical result of Stein [49, Chapter 6, Theorem 5]:

Lemma A.1 (Periodic extension operator, see e.g. [26, Lemma 41]) Let Q C RY be a
bounded Lipschitz domain. There exists a continuous, linear operator € : WP (Q2) —
Wgéf(B) forany s > 0 and p € [1,00], where B C R? is a bounded hypercube
containing Q C B, such that for any u € WP (Q):

1 Ew)lg = u;

2. E(u) € Wgéf(B) is periodic on B (including its derivatives).

Furthermore, £ maps continuously differentiable functions to continuously differen-
tiable functions, i.e. E(C*(2)) C Cger(B) and hence defines a continuous mapping
E:C°(Q) —» Cper(B).

Mollification (Smoothing) of Functions on Lipschitz Domains Recall that there
exists a smooth mapping (a mollifier) p : RY — R, with properties p(x) € [0, 1]
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for all x € R?, p(0) = 1, and p(x) = O for |x| > 1. Furthermore we can normalize
p to enforce fRd p(y)dy = 1. Any such p defines a family of functions ps(x) :=
8=%p(x/8), supported in a 8-ball around the origin. Fixing such a family, we recall
that the e-mollification of a function u : R — R, u € LY(RY) is defined by a
convolution ug(x) := (u * ps)(x), i.e.

us(x) =/ u(x —y)ps(y)dy.
Rd

It is well-known that u; is a smooth function for § > 0, and that us — u in spaces
such as arbitrary Sobolev spaces W* 7 (R9), or spaces of continuously differentiable
functions C* (R?), with respect to the respective norms. Mollification as defined above
is a useful tool in analysis, but is not well-adapted to bounded domains. The papers [4,
16] develop a useful variant of mollification for bounded Lipschitz domains 2 C RY,
where additional care is needed to deal with the behavior near the boundary.

The following results follow from the proof of [4, Theorem 2.4], or can alternatively
be obtained from the construction and arguments in [16]:

LemmaA.2 (Adapted mollification in a Lipschitz domain) Let Q@ C RY be a bounded
Lipschitz domain. There exists a one-parameter family M of “mollification” opera-
tors, indexed by 8 > 0 and defining a linear mapping Ms : L'(S; RF) — L1(Q; R¥)
for § > 0, such that:

1. For§ =0, we have Mou = u forallu € L'($2; RY); for§ > 0, M‘S is smoothing,
in the sense that it defines a mapping My : L' (Q; R¥) — C*(Q; Rb).
2. For any fixed § > 0, integer s, r > 0, the mapping,

M : C5(Q; RN — €7 (Q; RY),

is continuous. Furthermore, ifr < s, then the operator norm is uniformly bounded,
that is

sup [Msllcs—cr < 0.
§>0

3. Ifs >0andK C C* (5; ]Rk) is a compact subset, then for any 8o > 0,

lim sup ||M50u — Msul|lcs = 0.

8—380 yek

4. For fixed 5 > 0, integer s,r > 0, and p € [1, 00), the mapping
Ms : WP (@ RY) — WP (e R

Is continuous.
5. Ifs >0, pe[l,oc0)andK C WP (Q; RYisa compact subset, and 8o > 0, then

lim sup |[Ms,u — Msu|ws» = 0.

90 yeK
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Remark A.3 At first sight, one might think that the result of Lemma A.2 could easily
be obtained by extending the input function u : & — R¥, to a function u : RY — R¥
by setting u(x) = 0 for R?\ ©, and then use standard mollification on this extension to
obtain a smooth approximant us :  — RX. While this approach ensures smoothness
of the mollified function ug, it does not ensure convergence in spaces defined with
respect to the supremum norm, i.e. for u € C*® we generally have |us — ullcs
0 as § — 0. The main technical issue is that extension by zero produces a jump
discontinuity at the boundary; hence special care needs to be taken near the boundary
[4, 16].

The proof is based on the boundary-adapted construction of mollification in [16,
eq. (3.4a)], and only requires arguments in real analysis. We will not provide a detailed
proof here.

In addition to Lemma A.2, we will furthermore need the following technical lemma:

LemmaA.4 Fixs > 0. Let K C C*(Q2; R¥) be compact. Then for any § > 0, the set

Ks:= () (Msuluek), (A.1)

0<§'<6

is also compact in C*(2; R¥).

Proof Let vy, va, ... be an arbitrary sequence in Ks. It suffices to prove that v; pos-
sesses a convergent subsequence vj, — v € K;s. By definition of Ks, there exists
a sequence ui, uz, -+ € K, and 81,82, --- € (0, 8], such that v; = /\/l(sjuj for all

J € N. Since K is compact, there exists a convergent subsequence uj, — u € K.
Furthermore, extracting another subsequence if necessary (not reindexed), we may
assume that §;, — 0 € [0, 8] converges to a limit. If oo > 0, let v := M u. If
oo = 0, we set v := Mou = u. We note that in either case, we have v € Ks. We
claim that vj, — v. To see this, note that

limsup [lvj, — v|lcs = lim sup ||M5/’e uj, — Msullcs
{— 00 {— 00
< limsup [ Ms;, uj, — Ms; ullcs
{—00 ’

+ lim sup [ Ms;, u — M, ullcs

{—00
< limsup [Ms;, lcs—cslluj, — ulles
£—00 ’

+ limsup || Ms;, u — M ullcs.

{— 00

For fixed u € C*, we have /\/l,sjzu — M. u in C*, and hence the second term
converges to zero. Furthermore, by Lemma A.2 (1), the one-parameter family My :
C*® — C° consists of uniformly bounded operators, such that

sup [[Ms; llcs—cs = sup [[Mylles—cs < 00.
¢eN 0<8'<6
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From the convergence u j, — uin C?, it thus follows that the first term above converges
to zero. Thus, v;, — v as claimed. This shows that Ks is sequentially compact. O

A.2 Universal Approximation Of Neural Networks

It is well-known [46, Thm. 4.1] that a neural network architecture is universal in the
class of C*-functions between Euclidean vector spaces, provided that the activation
function o is nonpolynomial and sufficiently smooth, ¢ € C*. This in turn implies
universality of neural networks in Sobolev spaces W*'? of functions between Euclidean
vector spaces. For the convenience of the reader, we include the relevant implication
for the present work. Recall that, throughout the paper, we assume that the activation
function o is C°°, nonpolynomial and Lipschitz continuous.

LemmaA.5 Ler @ C R? be a bounded Lipschitz domain. Then for any function u :
Q — RK, where u belongs to either the space of continuously differentiable functions
CS (2 RK), or the Sobolev space W5P (L, RK), for integer s > 0 and p € [1, 00),
and for any € > 0, there exists a neural network i : Q@ — RK with activation function
o, such that

sup |u(x) —u(x)| <e.
xe

Proof Step 1: We first assume that u € C5 (2 Rk). By Lemma A.1, there exists a
(periodic) extension U : R? — R, such that u(x) = U(x) forx € Q, and U €
(o (Rd; Rk). It follows from [46, Thm. 4.1] that for any € > 0, there exists a neural
network 7 : RY — R, such that

llu — il s g.gry = sup sup |[D*U(x) — D*u(x)| < e.

lol<s xeQ

Step 2: If u € W*P(Q;R¥), then we note that by Lemma A.2, the boundary-
adapted mollification us := Msu converges to u as § — 0. Let € > 0 be given.
Choose 6 > 0 sufficiently small, such that

| — M(S”WSJJ(Q;R/C) <e€/2.

We note that C5+! (s Rk)f—> WP (Q; R¥) has a continuous embedding, and hence
there exists a constant Cy > 0, such that

” . ”WS-P(Q;]RI\') =< CO” : ”CJ'“(ﬁ;Rk)'

Now note that there exists a neural network i, such that ||us — ]| CsH (RN = € /2Co;
this follows since ug € CS*1 (§; Rk ), by Step 1. Combining these estimates, we obtain

llu — | WP (Q;RK) = llu — MSHW&P(Q;R’() + llus — ﬁ||WS-17(Q;Rk)

IA

6/2 + C()”ng - ’IZ”CS‘FI(E;RI()
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This concludes our proof. O

A.3 A Dense Subset Of Operators

One crucial ingredient in the proof of universal approximation for averaging neural
operators is the fact that it is possible to reduce the problem for a general operator W' :
CS (S RY — CS/(§; Rk/) (or WT : WP (Q; RF) — WS/’p/(Q; Rk/), respectively),
to one for a simpler class of operators which can be written in the form,

J
Vi) =) a@n;, (A2)

j=1
where 71,...,ny are functions in C¥ (Q;R¥) (resp. in W7 (; RK)), and
al, ..., ay : LYQ; RY) — R are continuous nonlinear functionals, defined on the

space of integrable functions. This is the content of the following two propositions. The
first version is formulated for operators between spaces of continuously differentiable
functions and the second between Sobolev spaces.

Propositign A6 Let W' : C5(Q; RF) — Csl(ﬁ; Rk/) be a continuous operator. Let
K C C5(Q; R¥) be > a compact subset. Then for any € > 0, there exist J € N, functions
N, ...,ny € C*(; RkN), andcontinuousfunctioials oy, LI(Q; Rk) — R,
such that the operator W' : L1(Q; RF) — €% (Q; RK), UT(u) := ij'zl aj(u)n;,
satisfies

sup
ueK

‘\I/T(u) — Tt HC <e

Remark A.7 We emphasize that even though the underlying operator W' (x) is only
defined for u € C*(Q2; R¥), and will generally not possess any continuous extension
to an operator defined for u € L'(£2; R¥), the above Proposition A.6 constructs a
continuous operator (2 LY R - € s' (S Rk/), whose restriction to compact
K ¢ C%(Q; R¥) provides a good approximation, W[k ~ WU|k. In this context note
that L1 (Q; R¥) > C*(Q; RY).

Proof Let us first point out that we may without loss of generality assume £’ = 1, in the
following; indeed we can identify C* (Q; R¥) = [C*'(€2; R)]¥, and thus it will suffice
to approximate each component of the mapping ¥' : C*(Q; R¥) — [C S R,
individually. The j-th component defines a mapping \I’]T CC5(QRY > ¢ (@ R).
Henceforth we use the notation C S/(ﬁ) = (2 R).

Step 1: (construction of 7y,...,ny) Our first goal is to construct suitable
N, ...,ny. To this end, we consider K' := ¥ (K) c Cs,(ﬁ). Note that since K
is compact, and W is continuous, its image K’ is also compact. Let B O  be a

@ Springer



Constructive Approximation

bounding box, containing € in its interior. By Lemma A.1, there exists a continuous
extension mapping

£:CY(Q) > Ciu(B),

where Cpcr(B) denotes the space of continuously differentiable functions w : B —
R on the Cartesian domain B, possessing periodic derivatives up to order s’. Since

K ccv (Q) is compact, it follows that also Kéer := £(K) is a compact subset of

Per(B) Given this periodicity, we can identify B ~ T¢ with the periodic torus in

a canonical way. Let ny, n2, ... denote an enumeration of the L2-0rth0g0nal (real)
Fourier sine/cosine basis in Lger(B) Fix § > 0, and let ws : B — R be the standard

mollification of the periodic function w : B — R. Since K[, C Cf,;r(B) is compact,
the set {wg lw e err} is uniformly bounded in the C " _norm for any given r’ > s,
In particular, it follows from classical results in harmonic analysis [23, Chap. 1, Sect.

3], that approximation by Fourier series converges uniformly over {w(s lw e err},
ie.

lim sup ng — Z,J'=1 (ws, ’7j)L277j‘

, =
T~00 ek ChuB)

Furthermore, limg_, ¢ ||ws —w|| s = 0, uniformly over Kl’,er In particular, givene > 0,

we can first find § = &(¢) > 0, such that SUPyek,, lw — wslloy < €/2, and then
J € N, such that SUPy Ky, Hw(g - ij-zl(w(g, nj)2n; H ) < €/2. It follows from
i_;

the triangle inequality that

sup Hw — 7 (ws. nj)2m;

weKpe, per(B)
This defines our choice of 71, ..., ;. Note that we also have the identity
J J
D wsonjpe =D (w.njs)g
j=1 j=1

We now recall that Q2 C B, and £ is an extension operator, so that £(v)|q = v for
all v € K'. Furthermore, we have Kéer = £(K) and K" = W' (K), by definition. As a
consequence, it follows that,

sup | W ) — Sy €W @), y.0) 2|

uek

' (@

= sup
veK’

J
DY RICONIRR) .
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= S:B EWw) — ij-:l(g(v)’ 77/,8>L2’7/‘ '@

< S:}E Hé’(v) — Z]J-:ME(U), nj.8)12M; )

= wsel|]<€er ”w — Zj]'=1(uh ’7,/’,5)1}’7/‘ ) =€
Step 2: (construction of o, ..., ay)

Given the results of Step 1, let us define a nonlinear functional 8; : C* (R - R
by B;(u) := <5(\I'T(M)), nj,5)2- Then, by Step 1, we have

sup | W' @) = X2/, B |

uek

<e. A3
Cx’ =€ ( )

This is almost the claimed result, except that 8; does not define a continuous functional
L'(Q;R¥) — R. To remedy this, we rely on mollification adapted to the bounded
Lipschitz domain Q. Let § > 0 denote a mollification parameter. By Lemma A.2,
there exists a continuous operator My : L' (; Rky — C3(2; R¥), such that over the
compact set K C C* (5; Rk), we have

sup lu — Msullcs — 0,

uek

as§ — 0.
We intend to define «; : L'(Q; RY) — R by a;u) := B;(Msu) for suitably
chosen § > 0. Recall that for fixed §p > 0, the set K5 defined by

Ks:= | Ms(K),

0<8<89
is a compact subset of C* (ﬁ; Rk), by Lemma A.4. Note that forany j = 1,..., J, we
have a continuous mapping B; : Ks — R. Since Ks is compact, it follows that there

exists a continuous modulus of continuity w : [0, co) — [0, c0), satisfying w (0) = 0,
such that

1Bj(w) — Bjw)| < w(lu—u'lles), Yu,u' €Ks,
holds forall j =1, ..., J. It follows that
1Bj () — Bj(Msu)| < w(llu — Msullcs),

forany 0 < 6 < §p. By Lemma A.2, Msu — u converges uniformly over u € K, so
that we may conclude

lim sup |8 (u) — B;(Msu)| < lim @ (supueK llu — M5u||cx) =0.
§—0 ek §—0
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In particular, we can choose § > 0 sufficiently small, to ensure that o (1) := B; (Msu)
satisfies

(A4)

sup B (u) —aj(u)| <
uek ’ J max j—

..... slmjlles”

forall j =1,...,J.Since § > 0, we also note that M : LI(Q; Rk) — Cs(ﬁ; Rk)
is a continuous mapping, and hence «; = B; o M; is continuous as a mapping
aj : LY (2 RY) — R,

Step 3: (Conclusion) Combining (A3) with (A.4), we obtain

sup H\Iﬁ(u) - Z]J-=1 a(i(u)nj’

uekK ¢’
< sup | W' - 7, B60n, |,
uekK c
+sup | 7185w — aj @ |
uekK c
< sup [ W@ = £I_, Biomy |
uekK c
+J max |njllee max sup|B;(u) —a;u)l
j=1,.. J J=L....J yeKk
< 2e.
As € > ( was arbitrary, the claim of Proposition A.6 now follows. O

We can also formulate a similar result for operators between Sobolev spaces. As
the proof is almost identical to the proof of Proposition A.6, and essentially follows
by replacing C* by W*? and analogously in the output space, we forego the details
of this argument, and only state the final result.

Proposition A.8 Ler W' : W7 (Q; R¥) — WP (: R¥Y be a continuous opera-
tor. Let K ¢ W*P(2:; R¥) be a compact subset. Then for any € > 0, there exist
Niy-..,NJ E Ws/’p/(Q; Rk/), and continuous functionals oy, ..., anN : Ll(Q; Rk) —
R, such that

+ J
suleI/ w) — a-(u)n-H ,  Se
uek =

A.4 Approximation Of Nonlinear Functionals By The Averaging Neural Operator

Given the result of Proposition A.6 and A.8 in the last section, a core ingredient
in our proof of universal approximation for averaging neural operators will be the
approximation of nonlinear functionals o : L'(Q2; R¥) — R by averaging neural
operators. In the present section, we will show that any nonlinear a functional « :
L' (Q;R¥) - R, u — a(u), can be approximated by an averaging neural operator in
a suitable sense. This is the subject of the following lemma:
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LemmaA.9 Let « : Ll(Q; Rk) — R be a continuous nonlinear functional. Let K C
L' (Q; R¥) be a compact set, consisting of bounded functions, sup, ek llullpe < oo.
Then for any € > 0, there exists an averaging neural operator &@ : L'(Q; R¥) —
LY(), all of whose output functions are constant so that we may also view & as a
function @ : LY (2; R¥) — R, such that

sup |a(u) —a(u)| <e.
uek

Remark A.10 We note that the construction in our proof of Lemma A.9 (cp. (A.12)
below) actually defines an averaging neural operator with (1) a lifting layer represented
by R(u(x), x), (2) asingle hidden layer v(x) > o (fg, v(y) dy), and (3) the projection
layer Q(v, x) := ¢1(v), where ¢ is a neural network depending only on v. Hence,
the result of Lemma A.9, and as a consequence the universal approximation property
as described in Theorems 1 and 2, can be achieved with a single evaluation of the
averaging operation: L = 1.

Proof (Lemma A.9) Let o : L'(2; R¥) — R be a continuous functional. Let K C
LY($: RF) be a compact set. Fix € > 0. Our aim is to show that there exists an
averaging neural operator @ : L' (Q; RF) — L'(Q) with constant output, such that

sup lee(u) — a(u)| < e.
uek

To prove this, note that we can identify any u € L'(€2; R¥) with a function in
L'(B; R¥), via an extension of u(x) := 0 for x € B\ Q. Using this identification, the
compact subsetK ¢ L1(Q; R¥) can be identified with a compact subset of L' (RY; RY).
Fix a smooth mollifier p € C°°, and denote ps(x) := 8 ¢p(x/8) for§ > 0. We denote
by us(x) = (u * ps)(x) the mollification of u (extended to all of R4 by 0 outside of
Q). Since K ¢ L'(€2; R¥) is compact, it follows that

lim sup |lu — usll;1/0.pky = 0.
Lim, MEE l szt (:re

Since « : L'(Q;R¥) — R is continuous, it follows that the mapping o
L' (B, R¥) — R defined by as(u) := a(us), for § > 0, converges uniformly over K,
asé — 0:

lin}) sup la(u) —as(u)| < ;m}) sup |la(u) — a(us)| = 0. (A.5)

~YueK —YueK

The idea is now that, for any choice of orthonormal basis &1, &>, ... of Lz(Q; RK ),
which we may additionally choose to be smooth, §; € C*°(Q; R ), we have uniform
convergence,

sup s — Y27_ us, &) 126, | 0, (A.6)

—_—
uek L1(B;RF)
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as J — oo. We note that the expression in (A.6) is well-defined, since K C L'NnL*>® ¢
L?, by assumption. Furthermore, K C L? is compact in the L>-norm; this entails the
uniform convergence (A.6). With the convention that u and &; are expanded by 0
outside of 2, we have

U, &) 2 =/us(y)-sj(y>dy=/d(u*pa>(y)-s,-(y)dy
§2 R (A7)

=/ u(y)-(éj*pa)(y)dy=][u(y)-éj,a(y)dy,
R4 Q

where we have defined &; 5(y) = [Q|(§; * p5)(y). Hence, if we define as ; :
LY (Q;R*) - Rby

J

s w)=a) (]éu(y) CE75(y) dy) g .

j=1

then it follows from (A.5), (A.6) and (A.7), that for 6 = §(K) > 0 sufficiently small,
and J = J (8, K) € N sufficiently large, we have sup, o s (1) — as, s (u)| < €/2. To
indicate the connection to averaging neural operators, we note that we can write o, 7
as the following composition:

u— <]iu(y) “E15()dy, -~~,]{2M()’) ~&5.5(y) dY>

J

a3 (]i u(y) - & .50y dy) 3

j=1

The first of these mapping requires computation of certain averages (albeit against
a function &; 5). Approximation of this mapping clearly requires nonlocality. The
second mapping defines a continuous function 8 : R/ — R, ¢ = (c,...,cy)

o (ZJJ»Z] cj&¢ j). Approximation of this mapping is possible by ordinary neural net-
works; this requires nonlinearity, but does not require nonlocality.
Choose M > 0, such that the image of the compact set K C LI(Q; ]Rk) under the

mapping

LY@ R - R/, urs (]iu(y)-sl,s(y)dy, ...,]éu(w-sj,a(y)dy),

is contained in [-M, M]’. Note that ¢ > B(c) = « (Z]J‘=1 cjfj) is a continuous
function, by the continuity of «. By universality of conventional neural networks, there
exists a neural network 8 : R/ — R, such that

sup  |B(c) — Blo)| < e. (A.8)
ce[—M,MIN
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Write E : R/ — R as a composition of its hidden layers:

vy = c,
vy :=G(Z@v571 —i—ge), t=1,...,L, (A9)
B(c) = Aps1vp +bry,

where Zg, by are the weights and biases of the hidden layers. Parallelizing the neural
networks constructed in Lemma A.11, below, it follows that for any € >0, there exists
a neural network R : RF x @ — R/ , (v, x) — R(v X) = (Rl(v X),. Rj(v X)),
such that

sup ][ ﬁj(u(y),y)dy—][ u(y) - &,5(0dy| <€,
ueK [JQ Q
forj =1, ..., J.Composing the output layer with an affine mapping, we can construct

another neural network R, such that
R(u(x),x) = A{R(u(x), x) + by,

where A1, b are the weights and biases of the input layer of E defined by (A.9).
In particular, it follows that for any input # € K, and defining coefficients c(u) =

(ct,...,cy)bycj = fQ u(y)-&;.s(y)dy, we have

sup
uek

o (ﬁ R(u(y»y)dy) —o (Aic@) +b1)| < loluplAille,  (A.10)

where ||Z 1]l denotes the operator norm of A 1. Note that the second term in (A.10) is
exactly the output of the first hidden layer of ,B cp. (A.9). Let us decompose ,B(C)

,81 o a(Alc + b]) where ﬂ1 denotes the composition of the other hidden layers,
£ = 2,...,L, and the output layer. Composing each of the terms appearing on the
left-hand side of (A.10) with ,E 1 and choosing €’ sufficiently small (depending on E 1s
A 1), we can ensure that

sup
uekK

B (o (]i R(u(y), y) dy)) —Bi (o (Arcu) +b1))| < e

or equivalently,

sup
uek

<e. (A.11)

Bi (a (]é R(u(y), y) dy)) — Bleu))
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From the above, (A.8) an (A.11), it follows that the averaging neural operator &,
defined by the following composition,

Gud R, 3o <f9 R(u(y). y) dy) 2 Bioo (f) R(u(y). y)dy) :

(A.12)
satisfies
sup o) ~ q(u)| = sup |B(c()) - a(u)
< sup 1B(c(u)) — Blcw))]
+ sup Blcu)) —Bioo (]i R(u(y), y) dy)‘
< sup |B(c) — Bl
ce[—M,M]N
+sup |B(cu)) — Broo (7[ R(u(y»y)dy)’
uek Q
< €.
O

We finally state the following lemma, which was used in the preceding proof of
Lemma A.9:

LemmaA.11 Let K C L'(Q; R¥) be compact, consisting of uniformly bounded func-
tions sup,cx llullp> < oo. Let & €~C°°(Q; R¥) be given and fixed. Then for any
€ > 0, there exists a neural network R : R* x Q@ — R, such that

sup
uek

f Ru(y), y)dy —][ u(y) - £() dy
Q Q

< e€.

Proof Fix € > 0. In the following, we denote by

My = sup |lul| Lo,
ueK

the upper L*>-bound on elements u € K. By assumption, M is finite. As & €
gOO(Q; Rk) is fixed, and Q C RY is bounded, there exists a neural network
£ : Q — R, such that

sup [£(x) — E(x)] e < €/(2kM),

xeQ

where k is the number of components of &. Furthermore define
Mg := max {|€ ||, 1§ ]l =} < oo.
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By the universality of ordinary neural networks, there exists a neural network X :
[— My, MI© x [—Mg, Mg]© — R, such that

sup |v-w—;(v,w)|§e/2.
[v]goo <MK, |w|goo =M¢

Defining a new neural network as the composition ﬁ(v, x) = X(v, g(x)), it now
follows that for any u € K:

sup [R(u(x), x) — u(x) - £(x)| = sup | X (x), £(x)) — u(x) - &(x)|

xeQ xXeQ
< sup X (u(x), & (x) — u(x) - &(x)|
+ sup [u(x) - E(x) — u(x) - £(x)|
xXeQ
< sup IX (v, w) —v-w|

[v]goo <M, |w]goo <M

+ kM sup |E(x) — £(x)|ge

xeQ
<e€.

In particular, this upper bound implies that

sup
uek

<e.

][ Ru(y), y)dy —][ u(y)-&(y)dy
Q Q

5.1 Proof Of Universal Approximation C¢ — C*, Theorem 1

Given the results of Sections 1 and 1, we can now provide a detailed proof of the
universal approximation Theorem 1. The main idea behind the proof is that using
Proposition A.6 in Section 1, it suffices to approximate operators of the form

J
Uhu) = Zaj(u)ﬂj,
j=1

wherear; : L'(Q2; R¥) — Rare functionals,and n; € C* (Q; R¥) are fixed functions.
Given averaging neural operators W1, ..., ¥, we can easily combine them to obtain
a new averaging neural operator W, such that ¥(u) = Z]J':I W (u) for all input
functions u. Thus, it suffices to consider only one term in the above sum, i.e. it will
suffice to prove that any mapping of the form

Tl L@ RS —» @ RY), ws aj;,
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can be approximated by an averaging neural operator. The main difficulty in proving
this is to show that any functional «; : L'(Q; R¥) — R can be approximated by
averaging neural operators. This is the content of Lemma A.9 in the previous Section
1. Given this core ingredient, we can now provide a complete the proof of the universal
approximation Theorem 1, below:

Proof (Theorem 1) Let vt C5(Q; RN — ¢¥(Q; RY) be a continuous operator.
Let K C C*(Q2; R¥) be compact. We aim to show that for any € > 0, there exists an
averaging neural operator W of the form W = Qo L o--- o L] o R, such that

sup W7 () — W)l <e.

uek

Fix € > 0. By Proposition A.6, there exist functions ny,...,n; € C“/(ﬁ; Rk,), and
continuous functionals o, ..., oy : L1(; ]Rk) — R, such that

sup
uek

‘\IJT(M) - ij'zl o (u)n; ch/ <e€/2.

We now make the following claim:

ClaimA.12 Let K ¢ LY(2; R¥) be a compact set, consisting of bounded functions
sup, ek llullpe < oo. Let ny, ..., ny € C“/(ﬁ; RK) be functions and let a1, ..., 0y :
LY (; R¥) — R be continuous nonlinear functionals. Then for any j = 1,...,J,
there exists an averaging neural operator W : LYy(; Rk) — CS/(ﬁ; Rk), such that

sup [laj@)n; — W)l oy < €/2J.

uek

Relying on the above claim, it is easy to see that there exists an averaging neural
operator, such that W(u) = ZJJ'=1 W (u) for all input functions u. This operator
satisfies, for any u € K:

||\I/T(u) VW)l < H\Iﬂ-(“) - ZJJ'=1 a;j(n; HCS’ + HZIJ=1 oj(n; — \Ij(u)HCS’

J
S LAOES S ETHOI B B LR 10) | P
j=1
<e€/2+Je/2] =e,

where the last estimate holds for any u € K. Thus, taking the supremum over K, the
above claim implies that

sup [| W7 () = W)l o < e,

uekK

which gives the universal approximation property of Theorem 1. To finish our argu-
ment, it thus remains to prove the above Claim A.12.
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To prove the claim, fix j € {1, ..., J} for all the following. We first define

Mn = ”nj”CS’(Q;Rk’)- (A.13)

Next, we observe that by Lemma A.9, there exists an averaging neural operator o :
L' (Q; R¥) — L'(Q), with constant output functions, such that

sup o (u) —aj(u)| < €/(6J My). (A.14)

uek

Choose M, > 0, such that

sup |aj (u)], suE |Eij(u)| < M,. (A.15)
S

uek u

Since n; € C s’ (5; Rk/), there exists an ordinary neural network ﬁj Q2 — Rk/, such
that (cp. e.g. the universal approximation result of Lemma A.5):

Inj =il <€/(6JMy). (A.16)
Let us also define
M, = max { My, |7l o} - (A17)

Fix a small parameter § > 0, to be determined below. Since scalar multiplication
x 1 [=My, Mgl x [—M,, My]* — R, (a,v) = x(a,v) := av defines a smooth
mapping, there similarly exists a neural network X [—My, My] x [—]\71,,, M,,]k —
R, (a, v) — x(a, v), such that

15 G ) =X s’ bty oty A1, ) = 9 (A.18)

We also recall that a composition of C s'_functions is itself C S/, and that there exists a
constant Co = Co(s’, k') > 0, depending only on s” and k’, such that

sup || x (@, 7 () = X (@, T ()l s qupty
la|l=Mq
= ” X ( s ﬁj()) - ;( ’ﬁj(.))”C"/([fMa,Mm]XQ;]R]‘/)
< CO” X ( s ﬁj()) - ;( s .)”C‘/([—Ma,Ma]X[—A}n,ﬁn]k/;Rk,) ”ﬁj”cs"(Q;Rk’)
< C081\71,7.

Thus, for any |a|, |a] < M, we obtain

” X (a7 77}()) - ;(59 ﬁj('))”cs’(Q;Rk’)

= ” x (a, 77]()) - X(E’ nj('))”(js’(Q;Rk/)
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X @ (D) = X @ T Dl e
X @ () = K@ Do et
<la— aI|M77 + Ma||77/ - ﬁj”cs’(Q;Rk’) + C08M77~

Recalling (A.14) and (A.16) to bound the first two terms, and choosing § :=
€/(6NCyoM,) in (A.18), it follows that

| x (@ n;(-) = @ T (Dl ey < €/60 +€/6J +€/6J,

for any |a|, |d| < My. By definition of My, (A.15), given arbitrary u € K, we have
loj(u)| < My and |&j (u)| < M. Hence, the above estimate finally implies that

sup laj ) — X @; @), 7 Gl oo ety < €/2J. (A.19)

uek

Note that the mapping R x Q@ — R¥, (a,x) = X(a, 77;(x)) is an ordinary neural
network in (a, x). Since @; is an averaging neural operator by construction, we can
write it in the form Q o £ o --- 0 £j o R, in terms of a raising operator R, hidden
layers Ly, and a projection layer O, where the values Q(v)(x) = Q(v(x) x) eR
are given in terms of an ordinary neural network Q Let Q denote the composition

Q(v)(x) := X(Q(v(x). x), 7 (x)). Then
Wu):=QoLypo---0L)0oR(u,
defines an averaging neural operator, for which
W () (x) = X(@; (), 7 (x)).
By (A.19), it follows that
lleej)nj —W@llcy <€/2J.

This concludes our proof of the claim. O

A.6 Proof Of Universal Approximation WP — W*P, Theorem 2

The previous section provides the detailed proof of the universal approximation the-
orem 1, in the setting where the underlying function spaces X and ) consist of
continuously differentiable functions. Theorem 2 states a corresponding universal-
ity result in the scale of Sobolev spaces. The proof of Theorem 2 is almost identical
to the proof of Theorem 1. In the present section, we provide the necessary alterations
to the proof.

Proof (Theorem 2) Let wh . ws P(Q RKy — ws'.p' (2; R¥ ) be a continuous oper-
ator with integer s, 5" > 0 and p, p’ € [1,00). Let K C W*P(Q; Rk) be compact,
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consisting of bounded functions, sup, ¢ [[u]lz< < oo. We aim to show that for any
€ > 0, there exists an averaging neural operator W of the form ¥ = QoL o---0L|0oR,
such that

sup |97 (u) — W)y < €.

uek
Fix € > 0. By Proposition A.8, there exist functions 7y, ...,n; € W‘V/*/’/(Q; Rk/),
and continuous functionals a1, ..., ey : LY(: Rk) — R, such that

sup
uek

‘w(”) SN EEAOLY H e S €/

Approximating each 7n; by its boundary-adapted mollification, n;s = Msn; €
C°°(§; Rk,) with § > 0 chosen sufficiently small (cp. Lemma A.2), we can ensure
that

sup H\Iﬁ(u) - ij-zl o (M)nj,SH o < 2¢/3.

uek

We next note that C* +1(Q; RF)<> W7’ (€2; R¥') has a continuous embedding, hence
there exists a constant Cy > 0, such that

Iollys . < Collvllgrsr, Vv e C T RY). (A.20)

We note that u > Z]J'=1 a;(u)n;s defines a continuous operator L' (Q; R¥) —
CS/H(@; Rk/) and recall that, by assumption, K C W*7(L; RYY ¢ LY(Q;RY) is a
compact set consisting of bounded functions, sup, .k llullp= < oo. It thus follows

from Claim A.12 that there exists an averaging neural operator W : LY(Q;RF) —
CS+1(Q; RY), such that

sup
ueK

< €/3Cy,

cs'+1

e — W

where Cp > 0 denotes the embedding constant of (A.20). For this averaging neural
operator W, it follows that

sup Hqﬁ(u) — W)

uek

J
., S sup H‘I'T(u) =2 =1 aj(”)ﬁj,BH
wep uekK

J
+sup | 7y — vl

uek

wes'p'

< sup
uekK

J
EACED HETHOUI I

+ Cosup | 7y ey @5 — )|
uekK

cs'+1

< €.
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This concludes our proof. O
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